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PEEFACE. 



The design of the author, in this treatise, is to provide a oonyenient 
introduction to his larger work on Algebra. The work, however, has 
been extended so as to make a whole in itself, adapted to the use of 
a large class of pupils desirous of acquiring some general knowledge 
of Algebra, but who have comparativelj little time to devote to it 
The following analysis will exhibit the general plan of the author : 

In the first section, the algebrsdc signs are explained, and tiie fVmda- 
mental idea impressed upon the learner that these signs constitute a 
concise and convenient language by which to conduct the processes of 
reasoning necessary to the solution of mathematical questions. The 
illustrations of this elementary idea of the nature of Algebra lead to 
the formation of Equations, the rules for the reduction of which are 
developed in the third section. The process for putting a question 
into equation, the topic which next naturally occurs, is explained in 
the following section ; and the illustrations given in relation to this 
lead the learner to see that in Algebra there are operations required, 
analogous to addition, subtraction, multiplication and division, in 
Arithmetic. The origin of these operations being thus seen, and the 
necessity for them felt, the learner is prepared for their full develop- 
ment, which is given in the two next sections. 

These operations beinjg well understood, the way is prepared for 
questions involving more complicated operations than those previously 
solved. Questions of this description are now introduced in the sixth 
section, and the rules for the reduction of equations involving two ox 
more unknown quantities are fiiUy explained. 
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With these resouroes, and the diBcipllne deriyed from the solution 
of the prerioQS pArtienlar qnestions, the learner is now introdaoed, in 
the eighth section, to the sabject of Generalization, usually the most 
difficult topic to be encountered by a young mind. Here the object 
is, first, to lead the learner to see clearly the distinction between the 
process of reasoning he is led to pursue in the solution of a question, 
and the numerical operations he is required to perform as the result 
of tiiat process. In order to this, he is required to perform numerous 
questions, retaining the operations as he proceeds, and leaving them all 
to be performed at last, when the reasoning process has reached its 
conclusion. In this way he is led to see that the reasoning process is 
precisely the same, and the operations to be performed precisely the 
same, for all questions which differ only in the particular numbers 
that are given, and that thus, in fiict, he has obtained a general solu- 
tion of his question. A littie practice in this mode of generalization 
leads him to feel the want of general symbols to represent the given 
things in a question, and thus a clear and ftill idea of this difficult 
topic is at length obtained. 

From every general solution, the learner derives a rule for the solu- 
tion of all the particular questions involved in it The nature of a 
rule being thus understood, he is led, in the next section, to investi- 
gate anew, by aid of the new instrument now in his hands, the most 
important rules of Arithmetio, such as Proportions, Fellowship, the 
Rule of Three, Position, &c. He is thus led to a more perfect under- 
standing of these rules ; and the numerous examples given under 
each serve as an extended review of the principles already acquired, 
in his previous study of Arithmetic. The difference, moreover, 
between Algebra and Arithmetic, and the peculiar province of each, 
is now fhlly understood. 

Proceeding, next, in the tenth and eleventh sections, with what is 
more peculiarly the subject of Algebra, the mode of extracting the 
square root of algebraic quantities, the nature and solution of equa- 
tions of the second degree, are there explained, with sufficient exam- 
ples for illustration. The topic next introduced is the Indeterminate 
Analysis, one of the most elegant and important branches of Algebra, 
but which is very generally, as well as strangely, omitted in textr 
books of Algebra. An elementaiy view of this subject is given in the 



twelfth section. In the next, the subject of logarithms is somewhat 
fully developed, and finally, in the last section, the rules of compound 
interest as an important application of them. 

The author has given this brief view of his general plan, in the 
hope that teachers who may use his work will fully possess themselves 
of it, and enter into its spirit. His own experience has led to the clear 
conviction that this course is best adapted to give the learner just 
notions of the nature and powers of Algebra, and to excite an interest 
in the study of it. He has endeavored, in the prosecution of the 
work, to furnish all needed help to the beginner, and at the same time 
to avoid that excess of explanation that leaves but littie for the exer-* 
cise of the talents of the teacher, and less for those of the pupil. 

It is presumed, in this treatise, that the learner is well acquiunted 
with the fundamental operations of Arithmetic, and with the practical 
rules ordinarily contained in works on this subject With this knowl- 
edge, and the mental discipline acquired in its attainment, he will 
meet, it is believed, in this treatise, with no difficulties which are not 
essentially inherent in the subject, and necessary to a healthy and 

vigorous exercise of his powers. 

WILLIAM SMYTH. 

BowDOiN College, JVbv., 1850. 



SECOND EDITION. 

In the present edition such alterations and additions have been made 
as, in the use of the work, have appeared adapted to its improvement. 
The favor with which the first edition has been received, as evinced by 
its rapid sale, and the numerous testimonials of eminent teachers by 
whom it has been adopted as a text-book, lead to the belief that the 
work is well adapted to its object, and that it will be found a valuable 
tad in disseminating more widely among the pupils in our common 
schools and academies a knowledge of the first principles of Algebra. 

Sept., 1861, W. & 
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ELEMENTARY ALGEBRA. 



SECTION 1. 



1« The learner has already become acquainted, in Arith« 
metic, with the use of the following signs : 

P. The sign =, which denotes equality, and is read 
eqtial to; thus, 7 times three = 21. 

2®. The sign -j-» which denotes addition^ and is read 
plus ; thus, 7 + 3 = 10. 

3®. The sign — , which denotes subtraction^ and is read 
minus ; thus, 15 — 4 = 11. 

4". The sign X> which denotes multiplication, and is 
read mtdtiplied by ; thus, 7X9 = 63, or, more concisely, 
7 X 9 is read, 7 times 9. 

5**. The sign -5-, which denotes division, and is read 
divided by ; thus, 24 -r 6 = 4. 

2. Let it now be required to find the answer to the 
following question : 

1. A gentleman once had 40 dollars; he spent a certain 
part of it, and found that he had three times as much left as 
he had spent. How much money had he spent ? 
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In order to obtain the answer, we should reason upon thifl 
question thus : 

1". The money left is three times the money spent. 

But the money spent added to the money left should be 
equal to $40, the money he had at first ; wherefore, 

2?, T4ie money spent added to three times the money 
spent, is equal to $40 ; or, 

3** Four times the money spent is equal to $ 40 ; whence 

4®. Once the money spent, or the answer sought, is equa. 
to $40 divided by 4, or to $10. 

3a Let us now employ in this process the signs above 
explained, and the reasoning will then stand thus^: 

P. The money left is 3 X the money spent. 

2°. The money spent -j- 3 X the money spent :^ 40. 

3®. 4 X the money spent 3= 40. 

4**. once the money spent = 40 -r- 4 = 10. 

The reasoning, it is evident, is rendered more concise by 
the use of these signs. But the phrase, " the money sperit" 
which expresses the unknown quantity, or answer sought, 
being often repeated, the reasoning will be rendered still 
more concise, if we represent this also by a sign. 

For this purpose, we may employ any convenient char- 
acter or symbol. Let us take some letter of the alphabet, 
a;, for example : thus, let x equal the money spent ; then 
1°. 3 X will be the money left, and 
2**. a; + 3 X a: = 40. 
3^ 4 X a; = 40. 

4**. X = 40 -^ 4 = 10. 

To express the multiplication of x by 3, we may use a 
period instead of the sign X ; thus, 3 . x. Or, we may 
simply write the 3 before the x ; thus, 3 x. Division ia 
also usually indicated by writing the. number to be divided 
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above a horizontal line, and the diyisor beneath it, in the 
form of a fraction; thus, 

2. Two gentlemen, A and B, are 63 miles apart, and 
travel the direct road toward each other until they meet ; 
A travels 3 miles an hour, and B travels 4 miles an hour. 
In how many hours will they meet ? 

To obtain the answer, we should reason upon this question 
thus: 

1^. The distance A travels will be equal to the number 
of hours in which they will meet, multiplied by 3. 

2**. The distance B travels will be equal to the number 
of hours in which they will meet, multiplied by 4. 

And since both must together travel over the whole dis- 
tance they are apart, or 63 miles, then 

3®. Three times the number of hours in which they will 
meet, added to four times the number of hours in which they 
will meet, must be equal to 63 ; or, 

4**. Seven times the number of hours in which they will 
meet are equal to 63 ; whence, 

5®. The number of hours in which they will meet is 
equal to 63 divided by 7, or 9, the answer sought. 

Employing the signs above explained in this process, let 
us represent by x the phrase which denotes the unknown 
quantity or answer sought, viz., " the number of houra in 
which they will meet." The process will then stand thus 
1®. 3 xts= the distance A travelled. 
2®. 4 a; == the distance B travelled 
3<». 3 a; + 4 a; = 63 
4«. 7 a: = 63 

5*». a; = 63 H- 7 == 9, 
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^e thus find that they will meet in 9 hours. 

3. Said a gentleman to me, if with the money 1 now 
nave, I had twice as much, and $14 more, I should have 
just $74, How much money had he ? 

Let X represent the unknown quantity, or answer sought, 
in this question also; then employing the other signs as 
above, 

a: + 2 a; 4- 14 = 74 
3 a: + 14 = 74 
3 a: = 74 — 14 = 60 
60 

Ans. He had $20. 
If we now conduct in common language the reasoning 
process necessary to obtain the answer to this question, or 
if we translate into common language the process above, it 
will be seen by this, as by the preceding examples, how 
much more concisely the reasoning is expressed by the aid 
of the signs we have explained. 

4. The great utility of these signs will be more obvious 
as we proceed to more complicated questions. The learner 
will now, however, be able to see an important distinction 
between Arithmetic and Algebra. In Arithmetic, we are 
taught the use of a convenient set of signs, called figures, in 
representing numbers and facilitating the operations to be 
performed upon them. In Algebra, we learn the use of 
another set of signs, in representing the phrases employed 
and, in general, in facilitating the reasoning process required, 
in order to obtain the answer to a proposed question. 

Thus Algebra aids us in the reasoning process upon a 
question. Arithmetic enables us to perform with ease the 
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Qumencal operations which the reasoning process determines 
to be necessary in order to obtain the answer. 

In the above examples we have used the letter x to repre- 
sent the unknown quantity, or answer sought. With equa] 
propriety we might have used any other letter, or convenient 
sign. It is common, however, to use some one of the last 
letters of the alphabet, as a:, y, or z, &c., to represent the 
unknown quantity, or that which is required in a question. 

The signs above explained, together with those which 
will be hereafter introduced, are called Algebraic signs. 



SECTION II. 

S» The following examples will now serve as an exer- 
cise in the use of the algebraic signs we have explained. 
Let the learner, in each case, compare the solution with that 
which would be required in the use of common language. 

1. Two gentlemen arrived late in the evening at an inn. 
To obtain a room, one offered to pay double and the other 
three times the ordinary price. Both together paid $7. 
What was the ordinary price of a room ? 

Let X = the ordinary price of the room ; then double 
the ordinary price will be 2 a:, three times the ordinary price 
will be 3 a;, and we shall have 

22; + 3a: = 7 
5a: = 7 

The answer will be $ 1.40. 

2. Ihree men, A, B and C, trade in company, and gain 
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$408, of which B has twice and C three times as much as 
A. What is the share of each ? 

Let z represent A's share ; then 2 a; = B's, and 3 a; s= G'a 
share ; and, by the question, we have 

a: + 2a: + 3a: = 408 
xx=. 68. 
Ans. A's share is $68, B's $136, C's $204. 

3. Two gentlemen saw a sum of money lying on the 
table. The first said, " I have three times as much money 
as there is on that table." " Well," replied the other, " 1 
have ten times &s much." Both together had $65. How 
much money was there on the table ? 

Let z = the money on the table. Ans. $5. 

4. Two capitalists, A and B, calculate their fortunes. 
It appears that A is twice as rich as B, and that together 
they possess $5400. What is the capital of each ? 

Let z = B's capital. Ans. B's $1800, A's $3600. 

5. In a company of 266 persons, consisting of officers, 
merchants and students, there were four times as many 
merchants and twice as many officers as students. How 
many were there of each class? 

Ans. 38 students, 76 officers, and 152 merchants, 

6. A merchant freighted a vessel of 360 tons with sugar, 
coffee and tea. He put on board twice as much coffee and 
three times as much sugar as tea. How many tons were 
occupied by each ? 

Ans. 60 by tea, 120 by coffee, and 180 by sugar. 

7. A, B and C were talking of their ages. A said, " I 
am twice as old as B ; " B said, " I am twice as old as C." 
Together, they were 140 years old. What are the ages of 
each? 
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Let z = C's age ; then 2 2; = B's and ^x = A's age 
Ans. A's 80, B's 40, and C's 20 years. 

8. Four persons. A, B, C and D, are to share 8120 in 
Buch a manner that B is to receive double of A's share, C 
double of B's, and D double of C's share. What is the share 
of eath ? 

Ans. A's share 88, B's $16, C*s 832, and D's 864. 

9. A complained that he owed as much again as he 
was worth; B avowed he owed 3 times as much as A, 
whereupon C remarked that his debt was 5 times as large 
as B's. All three owed, together, 876,000. How much 
was A worth, and how much did each owe ? 

Ans. a was worth 82000. A owed 84000, 
B 812,000, and C 860,000. 

10. *rhree traders. A, B and C, make together a clear 
gain of 8360, which is to be divided among them accord- 
ing to the stock each put in trade. Now, it is known that 
A has put in as much as B and G together, and that B has 
put in just twice as much as C. What is each one's share 
of the profits? 

Ans. C's 860, B's 8120, and A's 8180. 

11. A father dies, and leaves his property, amounting to 
84800, to be divided among his four children. A, B, C and 
D, in the following manner : A, who is the youngest, is to 
receive as much as his three brothers, B, C and D, taken 
together ; B, the next oldest, is to receive as much as C and 
D, taken together; but C and D are each to receive an 
equal share. What is the share of each. 

Ans. D's 8600, C's 8600, B's 81200, A's 82400. 

12. Four poor persons. A, B, C and D, are to share 
8552 according to their ages. It is loiown that D is as old 

2 
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as A, B and C, together ; C is as old as A and B, and B ia 

twice as old as A. What is the share of each ? 

Ans. A's $46r, B's $92, C's $138, D's $276. 

13. Two brothers are to share an inheritance of $1000 
The oldest being able to provide for himself, the younger is 
to receive $40 more than three times the share of the other. 
What is the share of each ? 

Let z = the share of the oldest ; then 3 x -{- 40 will be 
the share of the younger, and we have 

a: -I- 3 a; _j- 40 = 1000 
a:== 240. 
Ans. The oldest receives $240, and the younger $760. 

14. At an election two candidates presented themselves 
for office. The one that was elected received 40 votes more 
than the other; the number of votes cast amounted to 
260. How many votes had each ? 

Ans. 110 and 150, respectively. 

15. What two numbers are those whose sum is 59, and 
difference 17? Ans. 21 and 38. 

16. Two gentlemen, A and B, had together a fortune of 
$5400 ; but A has $5000 less than B. How many dollart 
had each ? Ans. A has $200, B $5200. 

17. A person employed 4 workmen ; to the first of whom 
he gave two shillings more than to the second, to the second 
3 shillings more than to the third, and to the third 4 shillings 
more than to the fourth. Their wages amounted to 32 
shillings. What did each receive ? 

Let X = the sum received by the fourth ; then a: + 4, 
2: -f- 7, a: -{- 9, will be the sums received by the third, 
second and first, respectively ; and we have 
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Here ar, or the quantity sought, is repeated four times ; and 
we have, therefore, 

4:^-|.4-|-7-j_9 = 32. 
And since the numbers 4, 7 and 9, are all additive, instead 
of adding them separately, we may add their sum, which 
gives 4 a; + 20 = 32, 

whence x = 3. 

Ans. They received 12, 10, 7, and 3 shillings, respectively. 

18. A certain estate, amounting to $10,000, is to be 
divided among three children in the following manner: 
The second is to receive as much as the eldest and $500 
more, and the youngest is to receive three times as much as 
the eldest and $300 more. What will each receive ? 

Ans. $1840, $2340, and $5820, respectively. 

19. A company of 90 persons consists of men, women 
and children. The men are 4 in number more than the 
women, the children 10 more than the adults. How many 
men, women and children, are there in the company ? 

Ans. 22 men, 18 women, and 50 children. 

20. A poor man had 6 children ; the eldest of which 
could earn Id, a week more than the second, the second 
8d. more than the third, the third 6d, more than the 
fourth, the fourth M, more than the fifth, and the fifth 
bd. more than the youngest. They all together earned 
105. lOd, a week. How much could each earn a week i 

Ans. 38, 31, 23, 17, 13, and 8 pence a week. 

21. It is required to divide the number 99 into 5 such 
parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
rtian the fifth by 16. 

Let X = the first part ; 



tfaca X — 3 SB die second, 

x-l-lOsszthe third, 
X — 9:^ the foaith, 
X 4- 16 = the fifth, 
and we haie 

x + x — 3 + x+lO+x — 9 + x+16 = 99. 
Here X is repeated 5 timeSy the snm of the numheis to be 
added is 26, and the sum of those to be snbtiacted is 12; 
we shall haTe, therefore, 

5x-f 26— 12 = 99, 
or 5x+14 = 99; 

whence x s= 17. 

A^cs. The parts are 17, 14, 27, 8, and 33. 

22. SlOO are to be dirided among three persons. A, B 
and C, in such a manner that A is to receive S20 more and 
B S13 less than C. What is the share of each ? 

Ans. A*s S51, B*s $18, and C's S31. 

23. A clerk was 6 years in the same boose. In the first 
3 years he spent only $300 a year, but in each following 
year $100 more than in the preceding year ; and yet, at the 
end of the sixth year, he had sayed $2400. What was his 
salary? Ans. $800. 

24. What number is that, from the treble of which if 18 
be subtracted, the remainder is 6 ? Axis. 8. 

26. A farmer sold 13 bushels of barley at a certain price, 
and afterwards 17 bushels at the same price, and at the 
second time received 36 shillings more than at the first. 
What was the price of a bushel ? Ans, 9 shillings. 

26. A person bought 198 gallons of beer, which exactly 
61led four casks ; the first held twice as much as the second, 
the second twice as much as the third, and the third three 
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times as much as the fourth. How many gallons did each 
hold? Ans. 108, 54, 27, and 9 gallons. 

27. What two numbers are there whose sum is 79, and 
difference 27 ? Ans. 26 and 53. 

28. A draper bought three pieces of cloth, which together 
measured 159 yards. The second piece was 15 yards 
longer than the first, and the third 24 yards longer than the 
second. What was the length of each? 

Ans. 35, 50 and 74 yards, respectively. 

29. A gentleman being asked the age of his son, answered, 
My wife is 23 years older than my son, I am 10 years older 
than my wife, and all three are 110 years old. What is the 
age of the son ? Ans. 18. 

30. A father, who has three sons, leaves them 15,000 
orowns. The will specifies that the second shall have 2000 
orowns less than the eldest, and the youngest 1000 crowns 
more than the second. What is the share of each ? 

Ans. 6000, 4000, and 5000 crowns, respectively. 

31. Four men. A, B, C and D, found a purse of money, 
containing $260 ; but not agreeing about the division of it 
each took as much as he could get. A got a certain sum 
B got 5 times as much, wanting $10; C, 7 times as much 
and $15 more; and D, as much as B and C both. How 
many dollars did each get ? 

Ans. a $10, B $40, C $85, and D $125. 

32. There are hve towns, in the order of the letters A, 
B, C, D, E. From A to E is 80 miles; the distance 
between B and C is ten miles more, between C and D is 15 
miles less, and between D and E 17 miles more, than the 
distance between A and B. What are the respective dis- 
tances? Ans. 17, 27, 2, and 34 miles. 

2* 
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33. To find a number such that if one-third of thii 
number be added to itself the sum will be 60. 

X 

Let a; = the number. Then a: -*- 3, or s = one-third 
of X ; and, by the question, 

x + | = 60; 
or, reducing to the same denominator, 
^^ — fiO. 

whence 4 a: = 180, and ar = 45. 

From what has been done, we see how quantities may be 
represented by algebraic signs. The following exercises 
will serve as a review of this part of the subject : 

If a number be represented by x, what will represent a 
number greater by 4 ? what a number less by 7 ? what a 
number 5 times as large? what a number 10 times as large 
and 12 more ? 

If two numbers are expressed by 5 a;, 3 a:, respectively, 
what single term will express their sum ? what their differ- 
ence? 

If three quantities are expressed by 2 a:, 5 a;, 7 x, respect- 
ively, what single term will express their sum I whtit the 
difference between the sum of the two first and the last ? 

If a number be represented by a:, what will represent one- 
jeventh of this number? what three-sevenths? what two- 
ninths ? what five-thirteenths ? what once and a third 1 
what twicfe and three-fifths? what four times and seven 
eighths ? 
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SECTION III. — Equations. 

6. If the learner examines with attention the examples 
thus far performed, he will see that the first thing we have 
done nas heen, hy aid of the algebraic signs, to 'obtain an 
expression for the equality of two things. Thus, in the third 
example, Art. 1, the expression first obtained was 
2: + 2 a: + 14 = 74 

This expression of the equality of two things which are 
equal is called an efpiation. The parts on either side of the 
sign of equality are called the members of the equation. 

Thus, in the equation above, the part a; -j- 2 a: -(- 14, on 
the left of the sign of equality, is called the left-hand mem- 
ber of the equation, and the part 74, on the right, is called 
the right-hand member. 

The parts separated by the signs -|- or — are called 
ierTfis, Thus, in the equation above, a:, 2 x, &c., are terms 
of the equation. 

A figure written before a letter, showing how many times 
the letter is taken, is called the coefficterU of that letter. 
Thus, in the quantities 2 x, 5 a:, 2 and 5 are the coefficients 
of a:. 

An equation is said to be verified when the value found 
for the unknown quantity, substituted in the equation, 
renders the two. members identically the same. 

Thus, in the equation « -|- 2 a; -j- 14 = 74, the value 
for X is found to be 20. Substituting tliis for x in the 
equation, it becomes 

20 -f 40 + 14 = 74, 
-or 74 = 74 J 

20 is, therefore, the true answer. 
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7* The process by which this first equation is obtained 
is called putting the question into an equation. No precise 
rule can be given by which, in all cases, a question can be 
put into an equation. In general, it must be done by a 
careful consideration of the conditions of the question, and 
the skilful use of the signs by which our reasoning upon 
them is facilitated. 

When, however, the equation of a question has been 
obtained, there are regular steps by which the value of the 
unknown quantity is obtained from it, which we will now 
explain. 

In order to this, let there be the following equation : 

If to the left-hand member of this equation we add an z, 
and its value, 5, be added to the right-hand member, the 
equality will be preserved ; and, we shall have 
2 a: = 10. (2) 

If now we subtract an x from the left-hand member of 
this last, and its value, 5, from the right-hand member, the 
equality will be preserved; and, in general, 

1°. If the same or eqiud quantities he added to both mevi' 
bers of an equation, the equality still continues, 

2®. If the same or equal quantities he subtracted from 
both members of an equation, the equality still continues. 

From which it follows : 

3°. If both members of an equation are multiplied by the 
same or equal quantities, or 

4°. If both members of an equation are divided by the 
same or equal quantities, the equality still contiimes. 

These principles require no demonstration. They should, 
however, be clearly understood, since they serve as the basis 
of all operations upon equations. 
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8. This being premised, let now the following equation 
'pe proposed, viz. : 

- + 1 + 1 = 92.(1) 

The process by which the value of x, or the unknown 
quantity, is obtained from an equation, is called resolving or 
reducing the equation. 

To resolve the proposed equation, we first free the frac- 
tional terms from their denominators. 

In order to this, we multiply both sides of the equation 
successively by the denominators, which will not destroy 
the equality. Beginning with 3, the denominator of the 
second term, we obtain 

3:r + *+^ = 276; (2) 

multiplying next by 5, we obtain 

15a; + 5a: + 32;= 1380, (3) 
an equation free from denominators. 
Uniting terms in this last, 23 x = 1380; (4) 
whence, dividing both members by 23, 

a: = 60. (5) 
If now, in order to verify the result, we substitute 60 foi 
z in the proposed, we obtain 

eo + f + ¥ = ... 

or 92 = 92; 

which shows that 60 is the true answer. 
2. What is the value of x in the equation 

Ans. a;=s210. 
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3. What is the value of x in the equation 

In this example it will be seen that 4 is a multiple of 2 
that is, it is divisible by 2. If, then, we begin by multiply- 
ing by 4, the numerator of the first term will be divisible by 
its denominator, and, the operation being performed, will be 
left free of its denominator, and the equation will stand 

Again, since 9 is divisible by 3, multiplying next by 9, 
we obtain 18 a: + 9 a: — 12 a: -f 4 a; = 720; 
whence x = 37|.J. 

By multiplying first by 4 and then by 9, the equation is 
freed from its denominators by two multiplications only 
instead of four; and is moreover left, when freed from 
denominators, in a more simple state. 

4. What is the value of x in the equation 

2^3^6 7^ 21 

Ans. a; = 42. 

5. What is the value of x in the equation 

Ans. x = 30. 



6. What is the value of x in the equation 
"6"+ 12 



3a: 5a;, a:, 2a: 



Ans. a: = 96. 
7. What is the value of x in the equation 

a?2a: 3a:5a: 6x.x „^ 

2 + "r-"i4+"i2-"7- + 2r=^^*^ 
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The least number divisible by each one of the denom- 
mators, or, in other words, their least common multiple, is 
84. Multiplying by 84, and dividing each fractional term, 
as we proceed, by its denominator,' we obtain 

42a: + 56a:— 18a: + 35a: — 72a; + 4 a: = 6922. 

The equation is thus freed of its denominators by one 
multiplication, and is moreover left in its most simple 
state. 

Deducing next the value of x, we obtain 
z = 126. 

By the use of the least common multiple, an equation, it 
is evident, may be freed at once of its denominators. As 
this process, however, in most cases involves a multiplica- 
tion by a large number, it is in general most convenient in 
practice to multiply by the denominators successively, taking 
care to commence the operation with such denominators as 
are divisible by some one or more of the others, or ivhich 
contain factors in common with them. 

Thus, in the last example, multiplying first by 12 and 

reducing, we have 

i« 18 ^ir 72 a:, 4a: ^ .^ 

6a: + 8a: — -^ + 5a:— -;^ + -^ = 846. 

Multiplying next by 7, the equation is freed of its denom- 
inators, as before. 

8. What is the value of a: in the equation 

X X X X 

t t -1- -=s 1? 

6 4 3^2 ^ 

Ans, X = 12. 

9. What is the value of x in the equation 

a:2a: a:,3a:a; 

2 + ^ 5 + 10+12 = ®^^ 

Ans. a; = 60 
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10. What is the value of 2; in the equation 

z 3 X , 4tx , X , 2 z ^,, 

3--5- + T"*"lO + 'l4=^A^ 

Ans. a: = 8f. 

9. Let it next be required to find the value of x in the 
following equation : 

8 a: — 72=±3ar. (1) 

To resolve this equation, we change the places of the 
terms, so that the unknown quantity will stand on one side 
of the equation and the known quantities on the other. 

In order to this, we add 72 to both sides, which gives 
8a: — 72 + 72 = 3a: + 72, 
or, reducing, 8 a: ^ 3 a: -f- 72. 

Subtracting next 3 z from both sides, we obtain 

8a: — 3a: = 3a: — 3 a: -f 72, 
or, 8 a: — 3 a: = 72. (2) 

If now we compare equation (2) with equation (1), it will 
be seen that the 72, which has the sign — before it in the 
left-hand mrnnber, has been made to disappear from that 
member, and to appear in the right-hand member with the 
sign -j- before it. In like manner the term 3 a:, which 
has the sign -f- understood before it in the right-hand 
member, has been made to disappear from that member, 
and to appear in the opposite with the sign — before it. 
The result is the same as if we had transferred each of 
these terms from the members in which they stood at first 
to the opposite, and changed their signs. 

The process by which a term is transferred from one side 
of an equation to the other is called transposition^ and we 
have the following rule, viz. : Any term may be transposed 
from one side of an equation to the other, if at the same time 
we change its sign. 
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2. What is the value of x in the equation 

4^ + 22 = 57 — 3 «? 
Transposing, 4a;-{-32: = 57 — 22; 
whence a: = 5. 

3. What is the value of x in the equation 

336 + 3 X — 11 = 10 « — 10 + 776 — 56 ar? 

AnS. Xs=:9. 

4. What is the value of x in the equation 

36 a: — 12 + 3 X — 48 = 20 X + 150 — 11 « ? 

Ans. X = 7. 

5. What is the value of x in the equation 

51 — 9 x _ 10 — 20 X = 75 — 90 X + 70 + 35 X? 

Ans. X = 4. 
10. Let it he proposed next to find the value of x in thf 
following equation : 

x,2x 5 ^^ijK 

2 + "3"""6~'5' + ^' 
Freeing from denominators, 

15 X + 20 X — 25 = 24 X + 1350 ; 
transposing, 15 x + 20 x — 24 x = 1350 + 25; 
reducing, 1 1 x = 1375 ; 

dividing by the coefficient, x = 125. 

Equations are distinguished by different degrees. B«qua 
tions such as the preceding, in which the unkuown quantity 
is neither multiplied by itself nor by any other unknown 
quantity, are called equations of the first degree. 

The rules obtained above are sufficient for the solution of 
all equations of this kind. When there is but one unknown 
quantity, the process is as follows : 

P. Free the equation from denomivators. 2**. Collect on 
tme side the terms whkh contain the uvknovm quavitty^ and 
3 
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those which are kiwwn on the other. 3^. Beduce to one 
term the terms in each mefmher, 4®. Divide by the coeffidervt 
ofx. 

1 1 • The learner will now be prepared to solve the fol- 
lowing questions, which will serve as an additional- exercise 
in the reduction of equations. 

1. A draper had a piece of cloth, from which he sold a 
third and a fourth part, which he found to be equal to 25 
yards. How many yards were there in the whole piece ? 

Ans. 42f . 

2. A gentleman, being asked how much money he had in 
his pocket, answered, the fourth and fifth part amounted 
together to 9 dollars. How much money had he ? 

Aks. $20. 

3. Two gentlemen wished to buy a horse. Upon count- 
ing their money, they found that one had but one-seventh 
and the other one-ninth of the whole money that was asked 
for him ; and yet they had together $32. What was the 
price of the horse ? Ans. $126. 

4. Three shepherds. A, B and C, upon counting their 
sheep, find that B has three times as many as A, but that C 
has only one-fourth as many as B. They have in all 19 
sheep. How many had each ? 

Ans. a had 4, B had 12, and C had 3. 

5. A gentleman put out his money at three different 
places. At the first place he puts one-seventh, at the second 
one-ninth, and at the third one-half. It is known that at the 
last place he has $155 more than at the other two taken 
together. What is the whole amount of his money ? 

Ans. $630. 

6. A young man, being asked his age, answered, if one* 
tialf, two-thirds, three-fourths, four-fifths and five-sixths of 
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his age, and 9 years more, were added to his age, he would 
be 100 years old. How old was he ? Ans. 20 years. 

7. To find a number such that if 7 be subtracted from 
five times the number, and 8 be added to twice the number, 
the remainder will be equal to the sum. 

Ans. The number is 5. 

8. Three men, A, 6 and C, make a joint contribution. A 
puts in a certain sum, B puts in twice as much as A and 
$12 more, C puts in $10 less than five times as much as A ; 
when it was found that G had contributed as much as A 
and 6 together. How much did each contribute ? 

Ans. a $11, B $34, and C $45. 

9. An ofiicer, giving an account of an engagement with 
the enemy, reported that half the men he commanded were 
taken prisoners, one-fourth were killed, one-seventh severely 
wounded, and that in consequence of this he had but 3 
men left for service. How many men had he before the 
engagement? Ans. 28. 

10. A gentleman going to market put a certain sum of 
money in his pocket : one-third of it he paid for sugar, one- 
fourth for coffee, one-sixth for tea, one-seventh for rice, and 
the remainder, amounting to $9^, for other articles. How 
much money did he put in his pocket ? Ans. $d5.86f . 

11. A post is one-fourth of its length in the mud, one- 
third in the water, and 10 feet above the water. What is 
its length ? Ans. 24 feet. 

12. A shepherd drove himself one-half of his flock to 
pasture ; . one-fourth of them were driven by his son, one- 
eighth by his daughter, and 40 remained m the stable. 
How many had he ? Ans. 320. 

13. In a mixture of copper, tin, and lead, 16 lbs. less than 
one-half the whole was copper, 12 lbs. less than one-third 
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the whole was tin, and 4 lbs. more than one-fourth the 
whole was lead. What quantity was there of each in the 
mixture ? 

Ans. 128 lbs., 84 lbs., and 76 lbs., respectively. 



SECTION IV. — Putting a Question into an Equa- 
tion. 

13« We have seen the manner in which an equation 
may be reduced, after it has once been formed. It will be 
seen also that, in obtaining the equations in the preceding 
examples, toe have represented the answer sought by a letter, 
and have then indicated upon it the operations necessary to 
prove it to be the true ansiffer, supposing it to be known. 

No certain rule can be given for putting a problem into an 
equation. The process pursued above will, however, gener- 
ally lead to the equation. We will illustrate this by some 
additional examples. 

1. After a certain part of a commodity, which weighed 
40 lbs., was sold, there still remained 8 lbs. more than the 
quantity sold. How many pounds were there sold ? 

In order to prove the answer, if it were given, we should 
first subtract it from 40 : we should next add 8 to it, and if 
the difference and sum were found to be equal, the answer 
would be correct. 

Imitating this process, let us put x for the answer. Sub- 
tracting X from 40 gives 40 — x; adding 8 to ar gives ar + 8 ; 
putting next these two results equal to each other, we have 
40 — a: = a: + 8. 

This is the equation of the question, which being resolved 
gives a: = 16 for the answer. 
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2. A gentleman remarked, If I had three times as much 
money as I have, I should have $18 more than I no>^ 
have. How much money had he ? Ans. $9. 

3. A bookseller sold 10 books at a certain price, and 
afterwards 15 more at the same rate. Now, at the latter 
time he received 35 shillings more than at the first. What 
did he receive for each book ? Ans. 7*. 

4. A father, wishing to divide the money he had in his 
purse between his sons, found that he wanted 5 shillings to 
be able to give them 4 shillings each. He therefore gave 
them 3 shillings only, and found that he had 7 shillings left. 
How many sons had he ? 

To prove the answer, if it were known, we should multi- 
ply it first by 4, and subtract 5 from the product ; we should 
next multiply it by 3, and add 7 to the product. If the two 
results were equal, the answer would be right. 

To imitate this process, let x == the answer. Multiply- 
ing a: by 4 gives 4 a:, and subtracting 5 from this gives 4 x 
— 5. Multiplying next a: by 3 gives 3 a:, and adding 7 to 
this gives 3 a: -j- 7. Putting these results equal, we have, 
for the equation of the question, 

4a; — 5 = 3a:+7; 
from which we obtain x = 12. 

5. A person wishing to buy some sugar found that if he 
gave but Id, per lb., he would have \Qd. left ; but if he 
gave Qd, per lb., he would lack 2*. 6d. How many pounds 
of sugar did he buy ? Ans. 40 lbs. 

6. A person wishing to buy a house, draws $250 from 
each of his debtors, and finds that in this case He has not 
enough to make the purchase by $2000 ; but if he draws 
$340 from each, he has $880 more than he needs. How 
many debtors has he ? Ans. 32. 

3* 
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* 

7. A person having received $20, went into a store to 
buy himself some broadcloth for a cloak. The store-keeper 
showed him two different kinds. If he bought of the first, 
which was $3 a yard, he would have as many dollars left 
as he would lack if he had wished to buy of the second 
piece, which was $6 a yard. How many yards did he 
wish to buy ? Ans. 5 yards. 

8. In a certain school, one-third of the pupils study Arithme- 
tic, one-fifth Geography, and the remainder, consisting of 49, 
study Algebra. How many pupils are there in the school ? 

Ans. 105. 

9. The head of a fish is eleven inches long ; its tail is as 
long as its head and half its body, and its body is as long as 
its head and tail. What is its length ? 

Ans. 7 feet 4 inches ? 

10. One-fourth of the contents of a cask leaked out ; ten 
gallons and a half were afterwards drawn from it, when the 
cask was found to be two-thirds full. What was the whole 
content of the cask ? Ans. 126 gallons. 

11. A courier, who travels 60 miles a day, had been 
despatched 5 days, when a second was sent to overtake him ; 
in order to which, he must travel 75. miles a day. In how 
many days will he overtake the former ? 

In order to verify the answer, if it were known, we should 
add 5 to it, and multiply the sum by 60 ; we should then 
multiply it by 75, and if these two products were found to 
be equal, the answer would be right. 

Imitating this process, let x = the answer ; adding 5 to it, 
we have a: -f- 5 ; this multiplied by 60 should be equal to 
75 a:. 

The multiplication of x -f- 5 by 60 is indicated by enclos- 
ing the X -f- ^ "^ * parenthesis, and writing the 60 outside • 
thus, 60 (a; + 5) ; whence we have for the equation. 
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60 (X + 5) = 75 X. 
To perfonn the multiplication indicated, both terms, it is 
evident, should be multiplied by 60 ; that is, the product is 
equal to 60 times 5 added to 60 times x ; whence, 

60x + 300 = 75«; 
from which we obtain x = 20. 

12. Two men talking of their ages, the first says. Your 
age is 18 years more than mine, and three times your age is 
equal to five times mine. What is the age of each ? 

Ans. 27 and 45 years. 

13. A man bought 7 cows and 11 oxen for $327. For 
the oxen he gave $15 apiece more than for thi cows. How 
much did he give apiece for each ? 

Ans. For the cows, $ 9; for the oxen, $24. 

14. A man, when he was married, was three times as old 
as his wife. After they had lived together 20 years, he was 
only twice as old. What was the age of each ? 

Ans. 20, and 60 years. 

45. A farmer has two flocks of sheep, each containing 
the same number. From one of these he sells 39, and from 
the other 93, and finds just twice as many remaining in one 
as in the other. How many did each flock originally con- 
tain? 

If the answer to this question were known, we should 
prove it by subtracting first 39 from it, and then 93 ; we 
should then double this last remainder, and if it were equal 
to the first, the answer would be right. 

To imitate this process, let x = the answer; subtracting 
first 39 from a:, we have x — 39 ; subtracting next 93 from 
it, we have x — 93 ; this last remainder, multiplied by 2, 
should be equal to the first remainder, or x — 39. 

The multiplication of a: — 93 by 2 is indicated by enclos- 
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ing the x — 93 in a parenthesis, and writing the 2 out&ide of 
it, thus : 2 {x — 93) ; we have then, for the equation of the 
question, z — 39 = 2 (a: — 93). 

But how shall we multiply z — 93 by 2 ? Since z is 
diminished by 93, if we multiply the z only by 2, the result 
will be too great by 93 multiplied by 2. To express the 
true product, therefore, from a: X 2, or 2 a;, we subtract 
93 X 2, or 186, and the equation becomes 
X — 39 = 2 a:— 186; 
from which we obtain z = 147. 

If 149 — 7 a: be multiplied by 3, how shall we indicate 
the product, and what will be its value ? 

Ans. 3 (149 — 7 a:) = 447 — 21 z. 

Indicate the product, and find its value, in the following 
cases: 

1. 48 + a: multiplied by 9. 

2. 105 -f- 2 X multiplied by 37. 

3. a; -}- 53 multiplied by 4. 

4. 59 — z multiplied by 5. 

5. 123 — 4 a: multiplied by 7. 

6. 254 — 7 a: multiplied by 17. 

7. X — 73 muhiplied by 13. 

8. 5 a: — 125 multiplied by 9. 

9. z — 39 multiplied by 8. 
10. a: — 25 multiplied by 3. 

16. Divide the number 197 into two such parts that four 
times the greater may exceed five times the less by 50. 

Ans. The parts are 82 and 115. 

17. A certain sum is to be raised upon two estates, one 
of which pays 19 shillings less than the other ; and if 5 
shillings be added to treble the less payment, it will be equal 
to twice the greater. What are the sums paid ? 

Ans. 33 and 52 shillings 
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18. Bought 12 yards of cloth for £10 145. For part of 
t I gave 19 shillings a yard, and for the rest 17 shillings a 
yard. How many yards of each did I buy ? 

Ans. 5 yards at 19^., and 7 at 17^. 

19. A mercer, having cut 19 yards from each of three 
equal pieces of silk, and 17 from another of the same length, 
found that the remnants taken together were 142 yards. 
What was the length of each piece ? Ans. 54 yards. 

20. A gentleman employed two laborers at different times, 
one for 3 shillings and the other for 5 shillings a day. 
Now, the number of days added together was forty, and they 
each received the same sum. How many days was each 
employed ? 

Ans. The first 25, and the second 15 days. 

21. There are two numbers, one of which is four-fifths 
of the other ; but, by subtracting 75 from each, the remainder 
of the larger is twice as great as the remainder of the 
smaller. What are the numbers ? Ans. 125 and 100. 

22. The sum of two numbers is 36; but when the 
greater is multiplied by 4 and the smaller by 3, the differ- 
ence between the two products is 32. What are the two 
numbers ? 

If one of the numbers, the greater, for exanple, were 
known, in order to verify it, we should subtract it first from 
36 ; this would give the less number. Then subtracting three 
times the less from four times the greater, the remainder 
should be equal to 32. 

To imitate this process, let x = the greater; then 36 — x 
will be the less ; four times the greater is 4 a:, and three 
times the less is 3 (36 — x) ; the latter product subtracted 
from the former should be equal to 32. Indicating this 
subtraction, we have, for the equation of the question 
4 a: — 3 (36 — a:) = 32; 
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or, performing the multiplication, 

4 X — (108 — 3 x) = 32. 

But how shall we perform the subtraction required m this 
equation ? It is evident that, since 108 ought to be dimin- 
ished by 3 X before subtraction, if we begin by subtracting 
108, we shall take away too much by 3 x ; we must add 
3 z, therefore, to the remainder thus obtained, in order to 
have the true remainder. 

Performing these operations, we obtain 
4a:_108 + 3a: = 32; 
whence x = 20. 

How shall we express the value of 100 — z subtracted 
from 3 X, and what will be the value of the expression when 
reduced ? 

Ans. 3 X — (100 — x), which is equal to 4 x — 100. 

How shall we indicate the subtraction, and what will be 
the value of the reduced expressions, in the following cases ? 

1. 5 X diminished by 75 — 3 x. 

2. 9 X diminished by 83 — 7 x. 

3. 100 diminished by 3 x — 25. 

4. 230 diminished by 75 — 4 x. 

5. 84 diminished by 35 — 10 x. 

6. 3 X — 7 diminished by 7 x — 50. 

7. 45 X + 20 diminished by 29 — 22 X. 

23. Divide the number 20 into two such parts that twice 
the greater may exceed three times the less by 5. 

Ans. The parts are 13 and 7. 

24. The sum of two numbers is 40 ; and if the greater be 
multiplied by 3 and the less by 5, the difference of the prod- 
ucts will be 24. What are the numbers ? 

Aks. 28 and 12. 
26. The difference of two numbers is 25 ; and if twice 
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ihe less be taken from three times the greater, the remainder 
will be 80. What are the numbers ? Ans. 30 and 5. 

26. The sum of 75 dollars is to be divided between two 
poor persons, so that three times what one receives exceeds 
seven times what the other receives by $15. What did 
each receive? Ans. 54 and 21 dollars. 

27. A man has a horse and chaise, which together are 
worth S400. Now, if the value of the chaise be subtracted 
from twice that of the horse, the remainder will be the same 
as if three times the value of the horse were subtracted from 
tmce that of the chaise. Required the value of each. 

Ans. $150, and $250, respectively. 

28. A person at play won twice as much as he began 
with, and then lost 19 shillings. After this he lost one-fifth 
of what remained, and then won as much as he began with, 
and, counting his money, found he had 80 shillings. What 
sum did he begin with ? 

Let X = the number of shillings he began with ; then 

3 a: = the sum he had after winning 2 a:, and 3 a: — 19 =s 

the sum remaining after the first loss. Now, since he lost 

next one-fifth of this, he will have four-fifths of it remaining. 

One-fifth of 3 X — 19 is expressed thus : 

3 a:— 19 

5 ' 

a line being drawn under the 3 a: — 19. and the divisor 

placed beneath it, in the form of a fraction. Four-fifths of it 

11 ,^ .. , . ^ 4 (3 a: — 19) 
will, therefore, be expressed thus : — ■ — ^ , 

and v«fe have for the equation of the question, 
whence, a: =s 28. 
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29. A and B have together a fortune of S9800. A pats 
out one-sbcth of his money, B only one-fifth of his, when it 
is found that each has the same sum remaining on hand. 
What is each man's fortune ? 

Ans. A's $4800 and B's $5000. 

30. Says A to B, I have $12 more than you, and two- 
thirds of my money is equal to three-fourths of yours. How 
much money had each ? Aifs. $108 and $96. 

31. A man bought a horde and saddle ; for the horse he 
gave $180 more than for the saddle, and four times the 
price of the saddle was equal to two-fifths the price of the 
horse. What was the price of each ? 

Aks. Saddle $20, horse $200. 

32. Two men, A and 6, set out on a journey, each with 
the same sum of money. A spends $40 and 6 $30 ; then 
three-eighths of A*s money, subtracted from five-sevenths of 
B's, equals one-fourth of what each carried from home. How 
much money had each, on commencing the journey ? 

By the question, 

5 (a: _ 30) 3 (a: — 40) _ a; 
7 8 ~4' 

Freeing from denominators, 

40 (X _ 30) — 21 (z — 40) = 14 x; 
whence, 40 a: — 1200 — 21 a: -f 840 = 14 a; ; 
firom which we obtain x s= 72. 

2. What is the value of x in the equation 

4(:e-10) _ fi(x-15) ^ ^^ 
5 3 

Ans. X = 135. 

3. What is, the value of x in the equation 

3 (a: + 15) _ 4 (a: — 20) _ Sx 

7 9 4 

Ans. a;s=B20. 
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4. What is the iralue of z in the equation 
5(3a:-5) S{x + 1) 

3 4 — ^^' 

An8. a;s=:54^. 

33. A and B commence trade with equal sums of money * 
A loses $90 and B loses $70, when it is found that thiee- 
fourths of what A has left exceeds two-thirds of what B has 
left by $50. With what sum did they commence trade ? 

Aks. $850. 

34. A vintner has two equal casks, full of wine; he 
draws 20 gallons out of one and 30 out of the other, when 
he finds that three-fifths of what remains in the first exceeds 
five-elevenths of what remains in the second by 30 gallons. 
How many gallons does each cask hold ? 

Aks. 195 galls. 

35. Two merchants commence trade, each with the same 
capital ; A loses $1500, B gains $250, when it is found that 
one-half of what A has left exceeds one-fifth of what 6 now 
has by $160. What is the capital with which they com- 
menced trade ? Ans. $3200. 

36. Divide the number 30 into two such parts that the 
less may be to the greater as 2 to 3. 

Two numbers are said to be in the proportion of 2 to 3, 
or simply as 2 to 3, when the first is two-thirds of the 
second, or the second is three-halves of the first ; or, which is 
the same thing, when twice the second is equal to three 
times the first. 

3 X 

Let X = the less part ; then the greater will be -^ 

q ^ 

and we shall have x -|- -o~ = 30. 

Ans. The parts are 12 and 18. 
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37. Two men found a purse containing $80, which they 
agreed to divide among themselves in the proportion of 3 to 
5. What was the share of each ? Ans. $30 and $50. 

38. A prize of 2000 guineas was divided hetween two 
persons, A and B ; their shares were in the proportion of 
7 to 9. What were their shares ? 

Aks. A's 875, B's 1125 guineas. 

39. Divide the number 44 into two such parts> that the 
greater, increased by 5, may be to the less, increased by 7, 
as 4 is to 3. 

Let X = the greater; then 44 — x = the less ; antf we 
shall have 3 (x + 5) = 4 (51 — z). 

Ans. The parts are 17 and 27. 

40. A bankrupt owed to two creditors $140 ; the differ- 
ence of the debts was to the greater as 4 to 9. What were 
the debts ? Aks. $90 and $50. 

41. A father's age is to that of his son as 5 to 2, and the 
difference of their ages is 30 years. What are their ages ? 

Aifs. 50 and 20 years. 

42. A man's age, when he was married, was to that o! 
his wife as 4 to 3 ; but after they had been married 10 
years, his age was to hers as 5 to 4. How old was each at 
the time of their marriage ? 

Ans. 40 and 30 years, respectively. 

43. It is required to divide the number 34 into two such 
parts that the difierence between the greater and 18 shall 
be to the difference between 18 and the less as 2 to 3. 

Ans. The parts are 22 and 12. 

44. Two men have now equal sums of money ; but if 
one gives to the other $40, the sum the former then has 
will be to that which the latter has as 4 to 9. What sum 
did they have at first ? Ans. $104. 
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45. A merchant in trade gained the first year 8550, but 
the second year lost one-third of what he then had ; after 
which he found that his stock was to that with which ne 
began as 7 to 5. What was the stock with which he began ? 

Ans. $500. 

46. From two casks of equal size are drawn quantities 
which are in the proportion of 6 to 7 ; and it appears that 
if 16 gallons less had been drawn from that which is now 
the emptier, only half as much would have been drawn from 
it as from the other. How many gallons were drawn from 
each ? Ans. 24 and 28. 

47. Three men engaged in trade, and put in stock in 
proportion to the numbers 2, 3 and 5; that is, as often as 'A 
put in $2, 6 put in $3 and C $5. They gained $750. 
What was each man's share of the gain ? 

Ans. A's $150, B's $225, C's $375. 

48. A cistern is supplied by two pipes : the first will fill 
it in three hours, the second in four hours ; in how many 
hours will it be filled, if both run together ? 

In order to verify the answer to this question, we should 
calculate what part of the cistern would be filled by each 
of the pipes in the given time; the sum of these parts 
would be equal to the whole cistern, if the answer were 
correct. 

To imitate this process, let x := the time in which the 
cistern would be filled, if both pipes ran together. The 
capacity of the cistern being represented by unity, since the 
first pipe will fill it in three hours, in one hour it will fill 
one-third of it, and in x hours it will fill x-thirds of it. In 
like manner, in x hours, the second pipe will fill a;-fourths of 
.t. Then, as these two parts of the cistern should be equal 
to the whole of it, we shall have for the equation of the 
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X X 

qaestion - + - = 1 ; 

whence x = 1^. 

49. Two masons are employed to build a wall in which 
there are to be 82 cabic feet The first can build 7 cubic 
feet in 5 days, and the second 4 cubic feet in 3 days. In 
how inany days can both together build the wall ? 

Ans. 30. 

50. Three men, A, B and C, are to build a certain fence. 
A can build it in 3 days, B can build it in 4, and C in 5 
days. How many days will they need to build the fence 
together ? Ans. l^f days. 

51. A man and his wife did usually drink out a vessel 
of beer in 12 days ; but when the man was from home, the 
vessel lasted the woman 30 days. In how many days would 
the man alone drink it out ? 

Let X = the number of days ; then the man would drink 
one-arth part in one day, and the woman one-thirtieth. The 
parts which each would drink in 12 days should be equal to 
the whole vessel. Ans. 20 days. 

13* The examples which follow will serve as an addi- 
tional exercise upon the principles thus far explained. They 
are arranged, for obvious reasons, without regard to the order 
in which these principles have been developed. 

1. A father, taking his four sons to school, divided a 
certain sum among them. Now, the third had 9 shillings 
more than the youngest, the second 12 shillings more than the 
third, and the eldest 18 shillings more than the second ; and 
the whole sum was 6 shillings more than 7 times the sum 
which the youngest received. How much had each ? 

Ans. 21, 30, 42 and 60 shillings, respectively. 

2. A sum of money was divided between two persons, A 
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and B, so that the share of A was to that of B as 5 to 3 
while it exceeded five-ninths of the whole by 50 pounds 
What was the share of each person ? 

Ans. 450 and 270 pounds. 

3. A gentleman started on a journey with a certain sum 
of money ; after having had $60 stolen from him, he ex- 
pended one-third of what he had left, and found that the 
remaining two-thirds wanted $90 to be equal to the sum he 
carried from home. How much money had he on com- 
mencing his journey ? Ans. $150. 

4. A person has a lease for 99 years ; and being asked 
how much of it had expired, he replied that two-thirds of the 
time past was equal to four-fifths of the time to come. How 
many years had the lease to run ? Ans. 45. 

5. A gentleman has two horsesLand a chaise worth $150. 
Now, if the first horse be harnessed, the horse and chaise 
together will be worth twice as much as the second horse ; 
but if the second horse be harnessed, the horse and chaise 
together will be worth three times as much as the first 
horse. What is the value of each horse ? 

Ans. $90 and $120. 

6. A laborer agreed to work for a gentleman a year for 
$72 and a suit of clothes ; but at the end of 7 months he 
was dismissed, having received his clothes and $32. What 
was the value of the clothes ? Ans. $24. 

7. A cistern has three cocks ; the first will fill it in 5 
hours, the second in 10 hours, and the third will empty it 
in 8 hours. In what time will the cistern be filled, if all the 
cocks are running together ? Ans. 5^ hours. 

8. A man wished to enclose a piece of ground with pal- 
isadoes. He found that if he set them a foot asunder, he 

4* 
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should have too few by 150 ; but if he set them a yard 
asunder, he should hare too many by 70. How many had 
he? Ans. 180. 

9. Some persons agreed to give sixpence each to a water- 
man for carrying them from London to Gravesend ; but with 
this condition, that for every ^tktm person taken in by the 
way threepence should be abated in their joint fare. Now, 
the waterman took in three more than a fourth part of the 
number of the first passengers, in consideration of which he 
took of them but fivepence each. How many persons were 
there at first ? Ans. 36. 

10. A sets out from a certain place, and travels at the 
rate of 7 miles in 5 hours ; and eight hours afterwards, B sets 
out from the same place, and travels the same road at the 
rate of 5 miles in 3 hours. How long and how far must A 
travel before he is overtaken by B ? 

Ans. 50 hours, and 70 miles. 

11. A cistern is filled in twenty minutes by three pipes, 
one of which conveys 10 gallons more, and the other 5 
gallons less, than the third, per minute. The cistern holds 
620 gallons. How much flows through each pipe in a 
minute ? Ans. 22, 7 and 12 gallons. 

12. Divide 84 into two such parts, that if one-half of the 
less be subtracted from the greater, and one-eighth of the 
greater be subtracted from the less, the remainders shall be 
equal. Ans. 48 and 36. 

13. A thief is running away from a certain place at the 
rate of 15 miles in 4 hours. 24 hours later, a constable is 
making after him, at the rate of 20 miles in 3 hours. In 
how many houre will the thief be taken ? 

Ans. 30f houra. 

14. There are two numbers in the proportion of 5 to 4 ; 
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out if each be increased by twenty, the result will be as 9 to 
8. What are the numbers ? • Ans. 25 and 20. 

15. It is required to divide the number 91 into two such 
parts, that the greater being divided by their difference, the 
quotient may be 7. Ans. The parts are 49 and 42. 

16. Two boys, standing with bows and arrows on the 
bank of a river, undertook to shoot across it ; the arrow of 
the first boy fell 10 yards short of the opposite bank, and 
that of the second fell 10 yards beyond it ; now, it was found 
that the first boy shot only nine-elevenths as far as the sec- 
ond. What was the breadth of the river ? 

Ans. 100 yards. 

17. The joint stock of two partners, whose particular 
shares differed by £40, was to the share of the less as 14 
to 5. Required the shares. 

Ans. £90 and £50, respectively. 

18. Two friends met a horse-dealer leading a horse, 
which they resolved to buy jointly. When they had agreed 
as to the price, they found that the one was able to pay only 
the fifth part, and the other the seventh part ; this they put 
together, and paid the seller therewith, on account, $48. 
What was the price of the horse ? Ans. $140. 

19. Divide the number 46 into two unequal parts, so that 
when one is divided by 7 and the other by 3, the quotients 
together may amount to 10. What are these parts ? 

Ans. 28 and 18. 

20. An arithmetician desires his scholars to find a nuni 
ber, which he has in his mind, from the following data : If, 
says he, you multiply the number by 5, subtract 24 from 
the product, divide the remainder by 6, and add 13 to the 
quotient, you will obtain this same number. What number 
then, is it? Ans. 64. 
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21. A master hired a journeyman, and promised him 8 
shillings for each day that he worked for him ; but if he 
worked anywhere else, then the journeyman must pay him 
5 shillings daily for his board. At the expiration of 50 days 
they settle, and the journeyman receives 36 dollars and 2 
shillings. How many days had he worked for his master ? 

Ans. 36 days. 

22. A, B and C, can perform a piece of work in 5 days. 
A alone can do it in 12 days, and B in 15. In what time 
could C accomplish it ? Ans. 20 days. 

23. A and B commenced trade, A with twice as much 
money as B. A gained $20, and B lost $10 ; then the dif- 
ference between A's and B's money was $70. How much 
did each begin with ? Ans. A $80, B $40. 

24. A poulterer had a certain number of geese, and twice 
as many turkeys ; after having sold 10 geese and bought 30 
turkeys, he found that if he subtracted three-fifths of his 
number of geese from his number of turkeys, the remainder 
would be the same as if he subtracted eight-fifteenths of his 
number of turkeys from 4 times his number of geese. How 
many of each had he at first ? 

Ans. 60 geese, and 120 turkeys. 



SECTION v. — Algebraic Operations. 

14« Every number written in algebraic language is 
called an dtgebraic quantity^ or an algebraic expression. 
Thus, 7 + 5 is an algebraic quantity, or the algebraic 
expression for the sum of 7 and 5. 

In like maimer, 3 a is the algebraic expression for three 
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bmes the number a; bah is the algebraic expression for 
five times a multiplied by i ; 3 a + ^ ^ — ^^ *^® 2^g^' 
braic expression for three times a, increased by 2 h, and 
diminished by c. ^ ^ ^ , 5 ^^ y r ... it 

A onantity consisting of one term only is called a simple 
quantity, or monomial; thus, 3 a, 5 &, are simple quantities, 
or monomials. 

If the quantity consists of two terms, it is called a hinxh 
mial; thus, a -^ b, x — ^, are binomials. 

If the quantity consists of three terms, it is called a ^ri- 
nomial. In general, if a quantity consists of more than one 
term, it is called a pdynomial, ' '- I { ) S /^ ^ 

The product of two quantities, a and b, we have seen, is 
expressed by writing these quantities one after the other, 
thus : ab. In like manner, the product of three quantities, 
•a, b and c, is expressed thus, ab c; and so on, for any num- 
ber of quantities. 

When two or more quantities are multiplied together, 
forming a product, these quantities are called the factors of 
the product. Thus a, by c, are factors of the product a b c. 

When the factors of a product are all equal, as in the case 
of the products aa^aaa, &c., the product may be more 
concisely expressed. In order to this, we write one of the 
factors only; and at the right of this, and a little above it, we 
place a figure to denote the number of times it is repeated 
as a factor. Thus the product a a, in which a occurs timce 
as a factor, we write (^» The product a a a, in which a 
occurs three times as a factor, we write o^, and so on. 

When a letter is repeated as a factor, the product is called 
a power of that letter, and the degree of the power is indi- 
cated by the figure employed to denote the number of times 
it occurs as a factor ; thus, €? is called the second power of Oi 
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and is read a second power. In like manner, a* is read a 
third power, and so on. 

The figure which denotes the power is called the exponent 
of the power ; thus, in c^, a^ the 3 and 5 are th6 exponents 
of the power to which a is said to be raised. 

The exponent should be carefully distinguished from the 
coefficient, which is always placed at the left of the quantity, 
and on the same line with it Thus five times a seventh 
power is written 6 a^. 

A letter which has no exponent is regarded as having 
unity for an exponent, in the same manner that a letter 
without a coefficient is regarded as having unity for a 
coefficient. 

Ex. 1. What is the algebraic expression for three times 
the square of a multiplied by the cube of 3 ? 

Ex. 2. Write seven times the cube of a multiplied by b, 
diminished by the square of c multiplied by d fifth power. 

Ex. 3. Write five times the seventh power of a multi- 
plied by b, and divided by the square of c. 

Ex. 4. Write three times the third power of a, dimin- 
ished by the square of c, and divided by d. 

Ex. 5. Write five-fourths of a square, diminished by b 
square. 

Quantities are said to be similar when the literal factors 
of which they are composed are the same; thus, 3 a ^, 5 a 3, 
are similar quantities. In like manner, 7 a* &, 4 a^ &, are 
similar quantities. The quantities 7 a' ^, 4 c^ b, are dissim- 
ilar, since the literal factors are not the same in each, the 
letter a occurring once more as a factor in the former than 
it does in the latter. 

The degree of a term is the number of its literal factors. 
It is found by adding together the exponents of all the let* 
ters. Thus 7 o^ &' c is a term of the sixth degree. 
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A polynomial is said to be homogen/eaus when all its 
terms are of the same degree. Thus, 5a? — 3ad-|-&^is 
a homogeneous polynomial of the second degree. 

The numerical value of an algebraic expression is the 
number which results from giving particular values to the 
letters which enter into the expression, and performing the 
operations indicated by the algebraic signs. Thus the 
numerical value of 3 a^ when a is equal to 5, is 75 ; for the 
square of 5 is 25, and three times 25 is 75. If a is equal to 
7, then 3 a? is equal to 147. In like manner, if a is equal 
to 4 and h is equal to 3, the numerical value of a* — ^ will 
be 55. 

Ex. 1. Find the numerical value of the following expres- 
sions when a = 3, & = 2 and c s= 5. 

1. a — b -\- c. Ans. 6. 

2. a^J^ab^c, Ans. 10. 

3. a« + 2 fl * + ^'. Ans. 25. 

4. ac — ab -^-b c. Ans. 19. 
Ex. 2. What will be the value of the same expressions, 

when as=s5, ^ = 3, c=s2? 

15. From the preceding examples, we have occasion, it 
is evident, to perform in Algebra operations analogous to 
addition, subtraction, multiplication and division, in Arith- 
metic, and which go by the same name. We now proceed 
to a more full explanation of these operations. 

ADDITION AND SUBTEACTION OF MONOIOALS. 

16. 1. Let it be required to add together the monomiala 
a 3, 3 c, c df. The quantities here being dissimilar, the addi* 
tion can only be expressed by aid of the sign -}- ; thus, 

ab-\-bc-\-cd. 
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2. Let it be reqnired to add ^c^ h,l c^ h and 5 a" 5. 
Here die quantities are simikr ; and the a? b, it is evident, 
is taken 4 times, 7 times and 5 times. On the whole, then 
it is takm 16 times, and we shall have 

4tf»* + 7tf»* + 5tf»* = 16a«i. 
In geneial, if tlie quantities are similar, the result is 
obtained by placing tbe som (^ the coefficients before the 
literal fiictors. 

3. Add the mooomids 3 nP ai" c, 5 nP ^' c, 9 a* 3^^ c, and 
12 «» *« c Ans. 29 fl' 3» c. 

4. Add the moDomials SoE^y, 7a^|r, 82^y and 20 7? y. 

Ans. 40 x^ y. 

5. Add the monomials 10 a* ^ c, 7 a' ^ c, 8 a" 3' c, 3 
if be and a be Ans. IStf b^ e -i-lQ tf b c -\- ab c. 

17. 1. Let it be required next to subtract 2 ab from 3 
e d. Hie quantities being dissimilar, the subtraction can 
only be indicated by the sign — ^ thus 3 c £^ — 2ab. 

2. Let it be required next to subtract 3 0*^ from 5 a' b. 
Here the quantities are similar, and btf b less 3 a' ^ is 
equal, it is evident, to 2 o^ 3. 

In genera], if the quantities are similar, the subtraction is 
effected by taking the difference of the coefficients and plac- 
ing it before the literal &ctors« as the coefficient of the 
remainder. 

FOSmVE AND NEGATIYB QUANTinES. 

18. Let it next be required to subtract 1 c^ b from 5 
tf b. The subtraction here cannot be performed, since we 
are required to take a greater quantity from a less, which is 
impossible. From b cf b, however, we may take 5 a' ^, a 
quantity equal to itself, and then there will be left 2 a? 3 
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Btill to be subtracted. To denote this result, we place the 
sign — before the 2 a' 3, thus, — 2 c^ b; and we say that 
if 7 a^ 3 be taken from 5 c^ b, the remainder will be — 2 
a^ b ; that is, there will be left 2 c^ b still to be subtracted. 

A quantity with the sign -f- before it is called a positive 
quaTUity, In Algebra the sign -f- is always understood 
before quantities which have no sign before them. 

A quantity with the sign — before it is called a negative 
quantity ; thus, — 5 a^ 3, — 9 a* Wy are negative quantities. 
Negative quantities arise from the attempt to subtract a 
greater quantity from a less. They are, therefore, regarded 
as quantities still remaining to be subtracted. 

19. In Algebra, however, the signs + and — are 
employed, in general, to denote quantities in precisely oppo- 
site circumstances to each other, or which tend to produce 
opposite effects. Thus, in estimating the journeyings of a 
traveller, if we designate the distances he goes east by the 
sign -j-, we shall designate those he gt)es west, or in the 
opposite direction, by the sign — . 

In like manner, in estimating the amount of a man's prop- 
erty, his assets, such as Bank Stock, Real Estate, &;c., we 
regard as positive, and his debts, or whatever tends to dimin- 
ish his estate, as negative. The former we mark with the 
sign -j-, the latter with the sign — . 

1. A surveyor runs several courses : on the first he 
makes 7 rods west ; on the second 9, and on the third 13 
rods east ; on the fourth 8, and on the fifth 10 rods west. On 
which side is he of the point from which he starts, and what 
is the distance on an east and west line ? 

Regarding distance east as positive, the aggregate of the 
eastings and westings will be expressed thus : 

— 7 + 9 + 13 — 8— 10 = 22 — 25 = — 3. 
5 
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The sign — in the result shows that the surveyor is west 
of his starting-point, and the 3 shows that the distance on 
an east and west line is three rods. 

If, in this example, we regard distance west as positive, 
distance east will he negative, and the sum or aggregate of 
the distances will he expressed thus : 

7_9 — 13 + 8+10 = 25 — ?2 = + 3. 

The result is the same as before ; the sign +, in this case, 
indicating that the surveyor is west of his first position, and 
the 3 indicating the distance west. 

Positive and negative quantities, it is evident, difier only 
in the sense or direction in which they are taken. 

2. A gentleman has Real Estate valued at S3000, and 
Bank Stock valued at S2500. He owes one creditor S700 
and another $1900. What is he worth ? 

Ans. S2900. 

3. A merchant has in goods 85000, Eeal Estate $3000, 
Rail Road Stock $2500. But he owes one creditor $4000, 
another $6000, and there iB an incumbrance on his Real 
Estate of $1500. What is he worth ? 

Ans. — $1000. 

The sign — here shows that the merchant, instead of 
being worth anything, is, on a settlement of his affairs, a 
thousand dollars in debt. 

A negative quantity is sometimes said to be less than 
nothing. It is so in this sense only, that an equal positive 
quantity must be added to it to make the result equal to 0. 
In the last example, the property of the merchant might be 
stated as $1000 less than nothing. That is, he must, in 
some form, acquire $1000, in order that he may be just 
out of d^bt, on the one hand owing nothing, and on the 
other possessing no property. 
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ADDITION AND SUBTRACTION OF MONOMIALS, SOME OF WHICH 
ARE POSITIVE AND OTHERS NEGATIVE. 

20* The effects of a merchant are represented by tho 
monomials 4 a, 5 a, and 7 3, and his debts by the monomials 
3 a, d b. What is the amount of his property ? 

From what has been said, his efiects, it is evident, should 
be marked with the sign -)-» and his debts with the sign — ; 
thus, — 3 fl, — 5 b. The aggregate of his property will 
then be expressed thus : 

4a + 5a + 7* — 3a — 5 3; 
or, reducing, it becomes 6 a -j- ^ ^* 

In obtaining, in this manner, the value on the whole, or 
aggregate of the merchant's property, the debts, with their 
proper sign, may be considered as added with the effects. 
And, in this point of view, it will be seen that the addition 
of a negative quantity is the same as the subtraction of an 
equal positive quantity. 

From what has been done, we have, it is evident, the fol- 
lowing rule for the addition of monomials affected with the 
signs -j- and — , viz. : Write the quantities one after the 
other, vjith their proper signs, taking care to reduce terms 
which are similar, 

Ex. 1. Add the monomials 4:a^ b,bab\l (^ b, — la ^, 
and — Sa'b. Ans. So" b — 2ab\ 

Ex. 2. Add the monomials 9 a' ^, — 7 a 3, 4 a' 3', 5 c 
dy — Qab,! c^ b\ — 4:cdsLndl0ab, 

Ans. 20 o^ ^ + c rf. 

Ex. 3. Add the monomials 3 a, — 5 a, 7 a, 2 b, — c 
and 4 b, Ans. 5 a -}- 6 3 — c, 

Ex. 4. Add the monomials, — 1 b,S a,4:b,-^2 a,3 b, 
— 3 a and 2 a. Ai^s. 0. 
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31. A has property worth S2000; B is SIOOO in deht 
What is the difference of their property ? It is evident that 
the difference is S3000. For, in order that B may be as 
well off as A in respect to property, he must first acquire 
91000 to pay his debt, and, in addition to this, S2000 more. 
A's property is -f- 12000, B's — ilOOO ; the latter sub- 
tracted from the former, in order to obtain the difierence, 
gives, therefore, S3000. From this it will be seen that the 
mbtr action of a negative guantity is the same as the addition 
of an equal positive quantity. 

The rule for subtraction will then be, Change the sign of 
the quantity to be subtracted, and proceed as in addition. 

Ex. 1. Subtract — 5 cfb'^ from 7 a^b\ 

Ans. 12 fl»y. 

Ex. 2. Subtract Aab from — lab. 

Ans. — II a b. 

Ex. 3. Subtract — 3 a** from — 9 a*^. 

Ans. — 6a'^. 

Ex. 4. Subtract — led from — 4 c i. Ans. Scd. 

Ex. 5. On a thermometer the graduation, commencing at 
a point marked 0, extends above and below this point. The 
degrees above are marked + 1 those below are marked — . 
If, on the 20th of January, the thermometer stood at 15® 
below 0, and on the day foUowfng T above, which was the 
colder day, and by how much ? 

Ex. 6. At sunrise, on the 22d of December, the reading of 
the thermometer at Portland was — 22**, and on the same 
day at Boston it was + 3**. What was the difference of 
temperature between the two places ? 

Ex. 7. A ship, by observation, finds her longitude to be 
f 40'' ; thirty days after, it is — 20*. What is the differ- 
3nce of longitude she has made ? 
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Ex. 8. The latitude of New Orleans is 30'' north; that 
of Buenos Ayres is 34** south. What is the difierence of 
latitude between the two places ? 

Ex. 9. A has property valued at $5000; B is S3450 in 
debt. What is the difference in the amount of their prop- 
erty ? What are they both together .worth ? ^ ^ * 

REDUCTION OF TERMS. ^ .^ -^ 

JC^^ /'> ) ^ % ^ n'> ^' 

33. The process by which several similar terms are 
united in one is called reduction, or the reduction of similar 
terms. In order that a result maybe left in the most simple 
state possible, all similar terms should be reduced to one 
term. 

Find the most simple form of the following expressions : 

1. a + 2b — Sc + Sa — bb. 

2. 6a'b — b(^d-\'bc—2(^b + 2c*d — lbc. 

3. lab — 4kcd'\'2ab + Scd — 9ab. 
L 6 3^ + 3 xy — 2x^ — 1 zy. 

ADDITION OF FOLTNOMIALS. 

33. Let it be required next to add the polynomials 
fl 4" ^ — ^ *"^ ^ — 2 ^' The first polynomial is the 
aggregate of the monomials a, b and — c; the second is the 
aggregate of the monomials b and — 2 c; the smn of the 
two polynomials will be, therefore, the aggregate of the 
monomials a, b, — c, ^, — 2 c. We shall have, then, for 
the sum required, 

a-\' b — c-(-3 — 2 c; 
or, reducing, a -{•2 b — 3 c. 

The result is obtained by writing the polynomials one 
5* 
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after the other with their proper signs, and uniting similat 
terms. 

34* The value of a polynomial will be the same in 
whatever order the terms are written, provided the proper 
signs are preserved ; thus, 17 — 8, and — 8 -(- 17 have 
both the same value, viz., 9. In like manner, 3 cz — 9 a 

— 5 ^ is the same with — 9 a'\-3 ex — 5 3, or with 

— 9 a — 6 b -{-Qcx. Taking advantage of this remark, 
we may arrange the proposed polynomials so that their sim- 
ilar terms shall fall under each other, and thus facilitate 
their addition. 

Let it be required, for example, to add the polynomials 
3fl — 2i-f4ca:, 7car— 3*+8a, Scar— 9a — 6 
b. Writing the proposed so that the similar terms shall 
stand under each other, they may be prepared for addition 
thus : 

3a — 23 + 4car 

Sa — Sb + 1 ex 

—9a — 6b'{'Qcx 

2 a — 10 b + Ucx 

Adding and reducing the terms which stand under each 
other, the result will evidently be as written above, 
2 a — 10 i + 14 c ar. 

39. Addition in Algebra consists, it is evident, in find- 
ing the most simple quantity equivalent to the aggregate or 
sum of several diflferent quantities. 

From what has been done, we have the following general 
rule for the addition of algebraic quantities : 

V. Write the quantities to be added so that the similar 
terms, each with its proper sign, shall faU under each othet 
in vertical columm. 
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2®. Reduce the stmilar terms, and annex to the results the 
terms which are not similar, giving to each term its proper 
sign. 

Examples. 

1. Add the following, polynomials : 6 a -^^ 6 y — 63 c, 
73c + 4a — 6y, 12y + 7a —33 c, and 15 y + 2 3 c 

— 4 a. Ans. 13a + 26y. 

2. Add the following polynomials : 8a + 3, c — 3-f-2 
a,5b — 3a'\-2d,3d — eb — 3c,lc — 2d — ba. 

Ans. 2 a — b ~\-6c -^-3 d, 

3. Add lx — 6y — 9bc,3bc — bz — ^y,3z-{' 
7y — 43c, 33c — 4x— lOy. 

Ans. z — 12 y — 7 3 c. 

4. Add 5a+ 43 — 3car, 2cz + 7a — 3 3, — 3a 

— 7 3 — 3 c z, and 6 3 + 9 a + 12 c a:. 

Ans. 18 a — 3 + 8 c a:. 

5. Add az — 4a3-f-^^» 33e^ — 2ax-f-a3, 7a3 

— 2 a a; — b d, and 5a3 — 3 az-}- 12 b d, 

Ans. 9a3 — 6aa:+15 3rf. 

6. Add 7a: — 6y + 5z+3— g 

— z — 3y —8- g 

— Z+ y — Sz-^l+lg 

— 2z-}-3y + 32r— 1— g 
a;-j-8y — 5z + 9+ g 

Ans. 4a: + 3y + 2 + 5 5^. 

7. What will be the numerical value of the expressions in 
the example first proposed, if we suppose a = 7, 3 s= 5 
c = 3, a; = 2? 

3a — 23 + 4ca:= 35 

8a — 33 + 7ca;= 83 

— 9a — 53 + 3cx = —70 

2a — 10 3-}-14cz= 48 
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8. What will be the numerical value of the sum of the 
polynomials in the same example, if we suppose a =s 5, ^ 
^ 2, c = 3, a: = 7? Ans. 284. 

In both cases it will be seen that the numerical value of 
the result 2 a — 10 3 -|- 14 c a;, is the same with that of 
the sum of the numerical value of the polynomials taken 
separately. Let the learner make similar substitutions in 
the other examples. 

SUBTRACTION OF POLYNOMULS. 

36. Let it be required next to subtract ^a x -\-S b c — 
2b y from lax — 2 b c -^-Sb y. The subtraction, it is 
evident, will be effected, if from the minuend we subtract 
each of the terms of the subtrahend, regard being had to 
their signs. Performing the operation, we have 

laX'-3bc + 8by — ^ax — 3bc'\'2by; 
or, reducing. Sax — 6 b c -{^ 10 b y. 

The result is obtained by writing the quantity to be sub- 
tracted, with a change of its signs, after that from which it 
is to be taken, and then uniting similar terms. 

As in addition, the operation will be facilitated by writing 
the polynomial to be subtracted directly under that from 
which it is to be taken, and so disposing the terms that those 
which are similar shall fall under each other. 

Ex. From 8a x — 3 by -{- 4tdx take 3 dx — bax 
-f- 4 3 ^. The polynomials may be arranged and the work 
performed as follows : 

Sax — Sby-^-^dx 
— 5aX'-\'4:by-^3dx. 

Ans. 13 a X — 1 b y -^ d x, 
37* Subtraction in Algebra consists in finding the most 
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simple expression for the difference between two algebraic 
quantities. 

- From what has been done, we have the following general 
rule for the subtraction of algebraic quantities : 

P. Write the quantity to be subtracted under that from 
which it is to be taken, so that the similar terms, if there are 
any, shall fall under each other. 

2?, Change all the signs in the quantity to be subtracted, 
or suppose them to be changed, and then proceed as in addir 
tion. 

EXAMPLES. 

1. From 17 c" — dl + 14 fl» — 4 ^ take 3 «> + 2 *' + 
lb<? — d. Ans. lla» — 6i« + 2c«. 

2. From 13 a — 2i-f9c — 3d[ take 9 c + 8 a + 
12 — 6 i— 10 (Z. Ans. 6a + 43 + 7rf— 12. 

3. From 9 a*i» — 9 a'i» + 3 take d^Za — ^aH'^ 
+ 9a«^*. Ans. 3 a + 3 — (f . 

4. From —14 3-}-3c — 27d[ + 3 — 6g take 7 a — 
6c — 8d[ + 33 — 12 + 7^'. 

Ans. — 7 a — 17 3 + 8 c — 19 (£ + 15 — 12 g'. 
38* Subtraction, as we have seen, is indicated by writing 
the quantity to be subtracted within a parenthesis, and placing 
the sign — before it ; thus, a — 3 -}- c subtracted from c -}- 
d is written 

c-\' d — {a — 3 -}- c). 
If we now perform the subtraction, the result will be 

c-^- d — a-^-b — c; 
or, reducing, d — a + 3. 

If, then, in an expression of the form 

c-\' d — (a — 3 + c), 
we remove the parenthesis, the signs of all the terms 
enclosed within it must be changed. 
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Ex. 1. What is the expression equiTalent to, 

5 a'3 — 3 c dl — (2 a»i« — 4 c d»)» 
the parenthesis being removed ? 

Ans. 5fl^3 — 3cd[ — 2a«*« + 4ci?. 
Ex. 2. Reduce to its simplest form the following ei^res 
sion: 
8 fl'i + 4 ^A' — 3 a y — (7 a'* + 4 a'i« — 6 a h^) 

Ans. a»3+2ay. 
Ex. 3. What more simple quantity is equivalent to the 
following ? 

7c(Z — 3ai + 4fl^ — (3cd[ + 2ai + 4a»). 

Ans. 4tcd — b ab. 
39* A process the reverse of the preceding is sometimes 
required. For example, what will be the equivalent ei^res- 
sion for a-^-b — c + ^> supposing the three last terms 
placed within a parenthesis, with the sign — before it ? 

Ans: a — ( — 3 -f- c — d). 
If we perform the operations indicated in this last expres- 
sion, it will return, evidently, to the former. 

What will be the equivalent expressions for the following 
polynomials, supposing the last two terms in each placed 
within a parenthesis, with the negative sign before it ? 

1. a'_3« + c«. 

2. 3 a«3 - 4 a^3' + 2 a* 3' — (^b\ 

3. a^3 — 4 a«3« + 7 a^5». 

MULTIPLICATION OF ALGEBRAIC QUANTITIES. 
MONOMIALS. 

30. 1. Let it be required to multiply 5 a 3 by 3 c <^. 
The product, we have seen, will be expressed thus : 
bab X^cd. 
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But since it is indifieient what order is observed among the 
factors, the product may be written thus : 

5 X Sabcd; 
or, reducing, 15 abed. 

2. Let it be required next to multiply 7 e^b^ by 4 cfb. 
The result, from what has been done, will be 
28 a'b^a'b. 

In this result, a occurs, it is evident, three times as a 
factor, and also twice as a factor ; it, on the whole, occurs, 
therefore, five times as a factor. In like manner, b occurring 
twice and once as a factor, occurs, on the whole, three times 
as a factor ; the result may, therefore, be ei^ressed more 
concisely thus : 28a^b^ . 

We have, then, the following rule for the multiplication 
of monomials, viz. : 

P. Multiply the coefficients^ as in arithmetic, 

2®. To this product annex all the letters in each of the 
factors, observing to give to each letter an exponent equal to 
the sum of its exponents in the factors. 

31. In the preceding examples the quantities to be 
multiplied are each positive ; that is, each is supposed to 
be affected with the sign -j^. Let us now examine the cases 
in which one or both of the quantities are negative ; that is, 
affected with the sign — . 

The algebraic signs -f- and — , it will be recollected, 
indicate merely operations upon quantities, or the sense or 
direction in which certain quantities are to be taken. They 
do not at all affect the nature of the quantities before which 
they are placed. The number 5, for example, is in itself 
m every respect the same, whatever sign, whether + or — , 
is placed before it. These signs simply indicate its relation 
to other quantities. The one shows that it is intended to be 
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added to some other quantity, the other that it is to he suh- 
tracted from it. The one shows that the magnitude repre- 
sented by it lies in one direction, the other that it lies in the 
opposite ; X)r, that in some way the quantities which it repre- 
sents are in opposite circumstances in respect to each other. 
The multiplier, independently of its sign; indicates only 
the number of times the multiplicand is to be repeated. The 
sign placed before the multiplier indicates an additional 
circumstance. It shows by what manner of operation, or in 
what sense or direction, the multiplicand is to be repeated. 
If the sign -f- is placed before the multiplier, it indicates 
that the multiplicand should be repeated loith its sign^ whether 
-j- or — , as many times as there are units in the multiplier. 
If the sign — is placed before the multiplier, it indicates 
that the multiplicand should be repeated in a manner the 
reverse of its sign, whether it be + or — , as many times as 
there are units in the multiplier. 

1. Let it now be proposed to multiply — ahy b. Here the 
a is to be repeated, with its sign, as many times as there are 
units in b ; that is, b times. The product will be, therefore, 
— ab. 

2. Let it next be required to multiply a by — b. Here 
a is to be repeated, in a manner the reverse of its sign, as 
many times as there are units in 3, or b times. The product 
will be, therefore, — ab, 

3. Again, let it be required to multiply — a by — b. 
Here — a is to be repeated also, in a manner the reverse of 
its sign, a number of times denoted by b. The product will, 
therefore, he ab. 

We shall have, then, the following rule for the signs: 
If two quantities have like signs^ that is, both -j- or both — , 
their product vnU have the sign -^ ; but if the quantities 
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^aoe unlike signs, that is, one -{-or the other — , the prodttet 
wBl have the sign — . 

EXAMPLES. 

Multiply 1.- fl'3' by d*3V. Ans. a'iV. 

2. — 5 a^b^'c by li^b'^cd. 

Ans. — 35 a'3'Vdl. 

3. —9ab'<?dhy — Sa*b\ 

Ans. 27 a^b'i^d. 

POLYNOMIALS. 

31. We pass next to the multiplication of polynomials. 
The multiplication of two polynomials, a -{- b, c -\' d, for 
example, is indicated by enclosing each of the polynomials 
m a parenthesis, and writing them one after the other, either 
with or without the sign of multiplication, thus : 
(a + 3) X (c + d), or (a + b) (c + d). 

1. Multiply a ~\~ b — chym. The product, it is evident, 
will he a7n-\- bm — cm. 

2. Multiply a + 3 — chyd-^-e. Here the multiplicand 
is to be taken d -\- e times, or, which is the same thing, d 
times -j- « times. We shall obtain the product, therefore, 
by multiplying a -j- 3 — c first by d and then by e, and 
adding the partial products thus obtained. The operation 
may be performed as follows : 

a'\- b — c 
d + e 

ad •{- bd — cd 

ae -\' be — ee 



ad -{- bd — cd'-^- ae -^^ be — ee 
3. Multiply a-^-b — chy d — e. Here the multipli 
6 
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cand is to be taken d — e times, or d times diminished by e 
times. We shall obtain the product, therefore, if from d 
times the multiplicand we subtract e times the multiplicand. 
The products, d times the multiplicand, e times the multipli- 
cand, will be the same as above ; writing the latter with a 
change of sign, as it is to be subtracted, the operation will be 
as follows : 

a-\'b — c 

d — e 



ad -{- bd — cd 

— ae — be -{- ce 



ad -]- bd — cd — ae — be -\' ce 

If we examine the examples above with attention, it will 
be seen that the rule for the signs is the same, whether the 
terms which are multiplied together stand alone, or are 
united, so as to form polynomials. 

Indeed, the investigation of the rule for polynomials com- 
prehends that for monomials also. The form of the product, 
in the two preceding examples, does not, it is evident, at all 
depend upon the particular values we may assign to the 
letters a, b, c, and d. It will be the same, whatever those 
values may be. Suppose, then, that in the last example a, 
d, and c, are each equal to 0. The product will be reduced 
to — be, and we shall have ^ X — « = — ^ ^« If we 
suppose a, b, and d, each equal to 0, the product will be 
reduced to c c, and we have — c X — e = ce. 

The rule for the signs may then be briefly stated thus : 
Like signs produce -j-, urdike signs produce — . 

33. In the multiplication of polynomials, partial products 
oiay arise, which are similar. These should be reduced, so 
Stmt the result may appear in the most simple form. 
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A polynomial is said to be arranged with reference to 
some letter, when its terms are written in order according to 
the powers of that letter, beginning either with the highest 
or the lowest power. The polynomial a' 5' + 0^3 — a i* + 
a^b^y arranged with reference to the powers of the letter a, 
will stand thus : a*^ -{- a'i -f- ^'^^ — ^ ^*' ^^ ihxiSi — 
ab^ •■\' a^b^ 4" ^^^ + ^*^'' ^ ^® fi^* case, it is said to be 
arranged in descending powers of the letter a ; in the second, 
in ascending powers of the letter a. The letter a, with 
reference to which the arrangement is made, is called the 
principal letter. 

To facilitate the multiplication of polynomials, the quan- 
tities to be multiplied should each be arranged according to 
the powers of the same letter, and the partial products should 
be so disposed that similar terms may fall under each other. 

33. The following example illustrates fully the course 
to be pursued in the multiplication of polynomials. 

Let it be proposed to multiply the polynomial 
SPa^p\-(^ — Sb(^ 
by —2ba-\'a' — Ab\ 

Arranging with reference to the descending powers of the 
letter a, the work will be as follows : 
a' — a^a' + S^'^a — y 
a^ — 2ba —43' 

i^ — Sla' + Sb^a'— Fi^ 

— 2ia*-}-6 3V— 6 3V+ 2b*a 

_ 4 b^a^ + 12 3«a« _ 12 **« + 4 ^ 

(^^5ba' + bb^a'+ b b'a" — 10 b'a + ^ b' 
From what has been done, we have the folio jving rule for 

the multiplication of polynomials : 

1°. Arrange the proposed polynomials according to the 

powers of the same letter. 
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2^. l&lt^y each term cf the nwUipUcani hy each term 
efthe maUipUer^ ohsenring that tfthe terms are affected each 
loith the same sigfij the product should have the signal but 
tfwith different sigm, the product should have the sign — . 

3^. Add together the partial products thus obtained, tak- 
ing care to unite in one terms which are similar. 



1. Maltiplya:' — 3a:»y + 3xy^ — y* 
by x* — 2 xy '\- ^. 

Ans. ar* — 6a*y+10a'y^— 10zY + 5z^ — y». 

2. Multiply «» + 2 xy + y* 
by a* — 2a:y4"^* 

Ans. «* — 2a:'^ + ^. 

3. Multiply 3 d*— 7 0^3 + y 
by 2 fl^ — 4 a i. 

Ans. efl* — 26a»3 + 28a*i' + 2fl'3' — 4fli*. 

4. Multiply tf* 4- a*3 + a' 3' + a'A* + ai* + ^» 

by a — b. Ans. a* — V, 

5. Find the product of the four factors, 

a — 4LX,a — X, a -[--a; and a -{- 4tx. 

Ans. a*— 17a«a:«+16x*. 

DIYISION OF ALQEBRAIC Q17ANTITIES. 
MOirOMIAI& 

34. Division, in Algebra, as in Arithmetic, is the reverse 
of multiplication. In the latter, two factors of a product are 
given to find the product ; in the former, the product and 
one of the factors are given to find the other factor. The 
divisor and quotient, multiplied together, should, therefore, 
reproduce the dividend. 



ALOEBRAIC OPBRATIOirS. 86 

This being the case, it is evident, that if we can discovei 
in the dividend the factors of the divisor, the quotient will 
be obtained by striking these factors out of the dividend. 
Thus, let it be required to divide ab cdhy b d. Striking 
out of the dividend the factors b and d of the divisor, we 
have a c left for the quotient. This is evident ; for, if we 
multiply achy b d, the result will heacb dfOT, which is the 
same thing, a b c d, the dividend. 

2. If the divisor and dividend have coefficients, the 
coefficient of the dividend must be divided by the coefficient of 
the divisor ; the result will be the coefficient of the quotient. 
Thus, the quotient of 18 3 c dy divided by 3 ^ d,wi]\ be 6 c. 

Ex. 1. Divide dabcxhySx. Ans. 3 a b c. 

2. Divide 25 xy zhy 5z z. Ans. 5 y. 

3. Divide Uad b zy hy 2 aby. Ans. 1 d z. 

3. Let it be required next to divide cfb^chycfc. The 
dividend may be decomposed, it is evident, into the factors 
c^c^Vc, Striking out from this last the factors of the divisor, 
we obtain the quotient, c^l^. The effect would be the same, 
if, in respect to letters affected with exponents, the exponent 
of the divisor were subtrjicted from that of the dividend. 
Indeed, this should be the case, since in multiplication the 
exponents of the same letter are added, in order to produce 
the product. Thus, a^c^ multiplied by a'i', gives o*^ c'for 
the product. 

If the exponent of the divisor is the same as that of the 
dividend, the result will have for its exponent; thus, 

But -^, it is evident, is equal to 1, since any quantity 

divided by itself, will give unity for a quotient. The express 
6* 
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sum 0°, therefore, and, in general, any quantity with Ofor an 
exponent, may be regarded as equivalent to unity, 

4. Let it be required next to divide — 8a^3^c'by4a'^c 
From what has been said, the quotient of Sa^b^c^ by 
4 a^3^c is 2 a* be. But since the dividend is afiected with 
the sign — , what sign shall we give to the quotient ? The 
sign, it is evident, should be — , since the quotient, multi- 
plied by the divisor, should reproduce the dividend, and 
4 fl'^'c multiplied by — 2a^bc gives — 8 (^l^<?. In like 
manner, if — c^bc be divided by — c^b, the quotient will 
be a'c ; since a'c, multiplied by — c^b, gives — c^bc. 

From what has been done, the following rule for the 
division of monomials will be readily inferred, viz. : 

V*. Divide the coefficiervt of the dividend by the coefficient 
of the dimsor. 

2?. Strike out from the dividend the letters common to it and 
the divisor, when the exponents in each are the same ; but 
when the exponents are not the same, subtract the exponent of 
the letter in the divisor from that of the letter in the dividend, 
and write the letter in the quotient with an exponent equal to 
the remainder, 

3"*. Write in the quotient, with their respective exponents, 
the letters in the dividend not found in the divisor, 

4^. If the divisor and dividend have like signs, the quotient 
should have the sign -j- ; if they have different signs, the 
quotient should have the sign — . 

EXAMPLES. 

1. Divide 8 t^b^c'd by 4 a3V. Ans. 2 aHd. 

2. Divide 75 a^b'cd' by 25 aH d. Ans, $ a'i'c flP. 

3. Divide 120 a^ b* 7w« n by — 10 a^ 3' m, 

Ans. — 12 a* l^mn 
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4. Divide — 63a«^^zYby — 9a^i'a»y'. 

Alls, la^b'^3^. 

6. Divide 150 dH^T^rfz by — 50 dH^^y. 

7. Divide— 84 a: V^ by Tar' jr*;?. 

8. Divide — 906 m'n^a^^ by — 6 m^r^f. 

5. Let it be required next to divide 7 a' 3 by 3 c (f. In 
Chis case the division cannot be performed. It may be 
indicated, however, by writing the divisor beneath the divi- 
dend, in the form of a fraction, thus : 

3crf' 
Expressions of this form are called alge^aic fractions. 

POLYNOMULS. 

3S. Let it be required to divide a*b — a* c + o"^ by «*• 
Eeversing the process of multiplication, we divide each term 
of the proposed by a\ which gives c^b — a c -j- i for the 
quotient. This, it is evident, is the true quotient, since if 
we multiply it by c^ we reproduce the polynomial required 
to be divided. 

Ex. 1. Divide 8ar* — 4a:' + 2a:y'by2a:. 

Ans. 4 a: — 2 a:* + y*« 

Ex. 2. Divide 14 c^b — 21 a»«« + Uab^ by lab. 

Ans. 2(^ — Sab + 2l^. 

Ex. 3. Divide — 25 aa:* + 75 a«a:» — 100 t^af" by 25 
a X*. Ans. — 1 -\-3 ax — ^a^a^. 

Ex. 4. Divide 9 a^3 — 27 a* 3^ + 36 0^3^ by — 9 a'b. 

From what has been done, we have the following rule for 
the division of polynomials by a monomial: Divide each 
term of the polynomial by the monomial, observing to give ic 
each partial quotient, as we proceed, the proper sign. 
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Let the paiposed next be two polynomials. In ordef 
to detennine how to proceed in this case, let us notice more 
particnlarly the manner in which the product of two poly 
nomial factors is formed. 

Let the proposed be 2 a* — 5 a* 3 + a ^ and 3 <^ 4- 2 a 6 
Performing the multiplication, the operation will stand thus 
2c? — b^b + a^ 

4d*3— 10a»«^ + 2a»y 

In tiiis operation, we have multiplied each term of the 
multiplicand by each term of the multiplier; and the number 
of partial products formed is, therefore, equal to the product 
of the number of terms in the multiplicand by the number 
of terms in the multiplier. But, in consequence of the 
reduction of similar terms, the number of terms in the final 
product is less than the number of the partial products 
formed, the latter being six, the former four only. In 
these partial products there are two which are unlike any 
others, and being, therefore, incapable of reduction with 
others, appear without change in the final product. These 
are the term affected with the highest exponent of the prin- 
cipal letter in the multiplier and multiplicand, and the term 
afifected with the lowest exponent of this letter in each, viz., 
6a«and2a«3^ 

This being premised, let it now be proposed to divide 
S «» — 11 fl*3 — 7 a'i' + 2 of^i' by 2 «« — 6 a' 3 + a ^ 

The work may be disposed as follows, the divisor being 
placed at the right hand of the dividend, and the quotient 
written in a line beneath it: 
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6 o^ — 11 a** — 7 0^^ + 2 c^V 
6g^— 15g^3 + 3g^y 



3 a« + 2 a 3 



. 4a*i— 10a^3* + 2fl»^^ 
4g^3— lOa^y + Sfl'^' 

Ref^rding the dividend as the product of the divisor by 
ihe quotient, we observe that 6 a*, the tenn affected with the 
highest exponent of the letter a in the dividend, must be the 
partial product arising from the multiplication of 2 a", the 
term affected by the highest exponent of a in the divisor, by 
the term ajQected with the highest exponent of a in the 
quotient. We shall, therefore, obtain a term of the quotient 
by dividing 6 a* by 2 a', which gives 3 a^ We have, 
then, 3 a^ for a term of the quotient. Multiplying the 
divisor by this, and subtracting the product from the dividend, 
we take out of the dividend all the partial products depend- 
ing upon the divisor and first term of the quotient. The 
remainder, therefore, must contain all the partial products 
arising from the multiplication of the divisor by the remain- 
ing terms of the quotient, and these only. This remainder, 
viz., ^a*b — 10 a^i^ + 2 a'^^ may be regarded as a new 
dividend ; and reasoning upon this as before, the term 4 a^ 3, 
divided by 2 a', will give a new term of the quotient. This 
is 2 a 3. Multiplying the divisor by this, and subtracting the 
product from the dividend, the dividend is exhausted, and 
we have for the final quotient ^ a^ -{- 2 a h. This, it is 
evident, is the true quotient, since, multiplied by the divisor, 
it reproduces the dividend. 

The divisor and dividend being arranged with reference 
to some common letter, we have the following rule for the 
division of polynomials : 

1**. Biviie the first term of the dividend by the first term 
of the divisor, and set the result, with its ptoper sign, as tht 
first term of the quotient. 
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2*. Multiply the divisor hy this first term of the quotient ^ 
and subtract the product from the dividend. 

3®. Divide the first term of the remainder hy the first 
term of the divisor ^ place the result in the quotie^U with its 
proper sign^ m^dtiply and subtract as before, and continue 
the process untU the dimdeTvd is exhausted, 

EXAMPLES. 

1. Divide20fl»* — 19a*3« — 49a»*^+75a»** — 27ay 
by 4a«3— 7ai»+ 33^ 

Ans. 5a» + 4a«* — 9ai», 

2. Divide 3:*4-2ar'y + 2a;»y» + 2a;2^ + 2/* 

by a; 4" y* Ans. ar* -|- ^y + a: ^ + y^* 

3. Divide 6 a* + 19 a«3 +22 a^^ + 11 a*^ + 2 ** 
by 2a«+ ^ab + b\ 

Ans. 3£^ + 5a3 + 2*^ 
37* In the process of multiplication, some of the terms , 
by reduction, may entirely disappear in the final result. 
Thus, if z^'\-3?y-\-3^'i^'\-xt^'-\-y^he multiplied by 
X — y, the product will be 2:^ — ^> in which a number of 
the terms arising in the multiplication do not appear, these 
terms having been cancelled by reduction. 
Let it now be proposed to divide 7^ — j/^ by a; — y. 

^ — lf I X —y ^_^ 

a? — ^'tf\x^'\-s?y'\-7^y^'\-X'tf-\-t^ 
5^ — 2!^ 
T^y — a?'!^ 

x'it — it 
x'\t — ^t 



AL&EBRAIC OPERATIONS. 71 

Here the tenns which reappear in the process of division 
are those which are cancelled in the process of multiplica 
tion. 

EXAMPLES. 

1. Divide a' -f 3^ by a + b. Ans. c^ — a b -{• l^. 

2. Dividea* — 2 a»a:« + a:* by fl?+ 2 aar + a:". 

Ans. a" — 2 ax -|" ^• 

3. Divide 64a;"— 16fl;»a:«4-fl*by4a:» — 4ax + a? 

Ans. 16 a:* + 16 aa:" -f 12 a»a;« 4- 4 a»a: + d*. 

4. Dividel — 182« + 81«Uyl+6;? + 92*. 

Ans. 1 — 6 2r + 9 2». 

5. Divide a" — ^ by « — b. 

Ans. a* + a»3 + aH^ -j- a^ + y. 

6. DivideSla?*— 18a:«+lby9a;» — 6a: + l. 

Ans. 9a:«4-6ar+ 1. . 

7. Divide «• - 3 a*a;« + 3^a?* — a;" by a« + 3 £^a: + 
3aa^-{-3^. Ans. a' — 3 a'a: + 3aa;^ — a:^. 

38. Let it be proposed next to divide a by 1 — x. 
The dividend is not divisible by the divisor. We may 
however, attempt the division according to the rules whick 
have been explained, and continue it at pleasure. 
1— a: 



ax 



ax 

ax — aa? 



asi? 

ax* — aa^ 



aa^ 

aa^ — aa^ 
ax* 
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The operation, it is evident, would never terminate. The 
quotient in this case is called an infinite series. From the 
terms already obtained, it is evident that each term, after 
the first, is formed by multiplying the preceding term by x. 
This is called the Uod of the series. By means of this law, 
we may continue the quotient at pleasure, without perform- 
ing any more operations. 

At whatever point we stop, in order to complete the quo- 
tient, the remainder should be written over the divisor m 
the form of a fraction, and annexed to the quotient. 

MISCELLANEOUS EXAMPLES. 

1. Divide 1 by 1 -|- «• 

Ans. 1 — a'\-(if — (;f'\-a^ — &c. 

2. Divide a? — y* by a: -|- y« 

Ans. a? — xyA-tf r—* 

^ ' ^ a: + y 

3. Divide a:* -}" ^^ ^7 * 4" y* 

Ans. a;* — oi?y'\-a?i^ — xr^-\-j^. 

4. Divide 2 a*— 13a'5 + 31a»*«— 38a^» + 24i* 
Dy2a« — 3a5 4-4*». Ans. (^ — dah + ^V". 

5. Divide 81 fl« + 16 d« — 72 a* 3' by 9 a* + 12 a^h^ 
+ 43'. Ans. 9a* — 12a« h^ + \b\ 

6. Divideo' + a^z — o'a:' — 7a«ar' + 62r'bya' — a;«. 

Ans. a^ + €?z — % 3?. 

7. Divide 5 a'^ — 22 aH + 12 c^b^ — 6 a* 3' — 4 d'b' 
+ 8 a«y by 5 a* — 2 a»5 + 4 c?l^, 

Ans. a»— 4a»d + 2i'. 
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SECTION VI. — Algebraic Fractions. 

39* A fraction in Algebra has the same signification as 
d fraction in Arithmetic. The denominator shows the num- 
Der of parts into which the quantity taken as unity is divided, 
and the numerator shows the number of parts which are 

taken. Thus, in the fraction -, unity is divided into b parts, 

and a of these parts are taken. 

An algebraic expression, partly entire and partly frac- 
tional, is called a mixed quantity. 

The nature of the fractions being the same, the rules 
for the operations upon them will be the same. We shall 
merely subjoin these rules, with some examples, under ^ach. 

1. TO REDUCE A MIXED QUANTITY TO A FRACTIONAL FORM. 

Rule. Multiply the integral part of the quantity by the 
derumiinaior of the fraction^ and add the numerator to the 
product. The sum wiU be the rwmerator of the required 
fraction. 

Reduce the following quantities to a fractional form : 

1. 4 + -. A«s. iA±i. 

a a 

2. a' A — . Ans. ! — . 

* c c 



3. a — a: + ; — . Ans. ^ — . 

* a + ^ fl + a; 

. . . ab . 2ab + h^ 

' a-\-b a-\-b 

o. 6 ab ■ — ; . Ans. r. 

ab ab 
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6. a + z ' — . Ans. . 

' a — z a — X 

7. a' — ax -^-a^ -p — . Ans. 



x — y y — z 

9. cr — ah + l^ 7— r. Ans. — r-7- 

2. TO REDUCE FRACTIONAL EXPRESSIONS ■ TO A MIXED 

QUANTITY. 

Rule. Divide the mimerator by the denominator^ and 
annex the fractional remainder ^ if any y to t?ie quotient. 

Reduce the following fractional expressions to mixed 
quantities: * 

1. . Ans. 4 5 . 

a — b 'a — b 

x + y ^ ^^ x + y 

27 g^ — 3 3^ — 4 a: + 9 g* 
*• 9"^ • 

Ans. 3 a + 1 ^ — . 

' 9 (t 

^- Sa' + 2ax ' ^^' ^ + 3a« + 2g«- 

3. TO REDUCE FRACTIONS TO A COBOtON DENOMINATOR. 

Rule. Multiply all the denominators together for a new 
derumdnalory (ind each numerator by aU the denominators 
except its own, for a new numerator. 
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Beduce the following fractions to a common denominator 

, a,c . ad f ^hc 

1. ^.andj ANS.^,and^ 

^ X z . X . 15 a: 10 X ,6a; 

2. ^, g, and g. Ans. -g^, -^, and ^. 

, X . ax — bx .ax4-bx 
r, and r. Ans. — ^j rr-t and ^ ^ ■ 



"• a + 3' a — *• a^ — ^« » """ (^ — l^ 

3a« 2x 9a 4a' 12 a'' + 24 x 

4. J "3 , « + ^ . ANS. j^, ^2^. j2^ . 

If the denominators of the fractions have common factors, 
a result may he obtained more simple than that derived 
from the rule. Thus, let it be required to reduce to a com- 
mon denominator 

X X *' X 

'^ZTl' a»_i»' i^p^- 
If we multiply the first by a -|- ^ and the third by a — 3, 
the fractions will be reduced to a common denominator, 
c^ — b^. This is the same as dividing their least common 
multiple by each of the denominators, and then multiply- 
ing both terms of each of the fractions respectively by the 
quotient. 

4. TO RErrcE fractions to their lowest terms. 

Rule. Dimde by any quantity that iffiU exactly divide 
both terms of the fraction. 
Reduce the following fractions to their lowest terms : 

1- ?P- ^^- ¥b' 

2. 4=^.. Ans. ^ 



fl? — a** ' a-\-x' 

ax + a? £ 



76 - ELEMENTARY ALGEBRA. 

or — y X — y 

2 r* — 16 a: — 6 2 

^- 3:c^ — 24 a: — 9* ^^- 3' 

:^ — 5' a; . • a^ — hx 

Ans. 



ar^ + 2 ^ar + 3^" a: + ^ * 

la genera], to reduce fractions to their lowest terms, we 
divide each term hy the greatest common divisor. The 
method ahove is sufficient for the purposes of this treatise. 

5. MULTIPLICATION OF FRACTIONS. 

SiTLE. Multiply the numerators for a new mimerator^ 
arid the denominators for a new denominator. 

In the examples under this and the following rules, the 
results given hy the rule are reduced to their lowest terms. 

Multiply together the following fractions : 

t 3a'3 , 4* ^ 33« 

1. -; — 5, and =— T^. ' Ans. = — 55. 

^cd la^d Icd^ 

^ ^a %a? ^Ibax ^ 9ar* 

-r, and -o-ir- -^s. 



4 bx' 5 a'' 3 i« • 2 ^' 

^2^i2 ' a^ g^ + y 

*^- a^-=IT«' ^^^ ^+7- ^^' a^j^2ab + b'' 

^ 2x 2ax , 8a: ^ 12 a:^ 

5 4^ a b b 

^ 4a:— 12 ^ a: + 3 ^ a:« — 9 

5. — = , and — ^ — . Ans. — = . 

ox 4 ox 

^ ^ a; + 2 .x — 2 . a:^ — 4a: 

^- 3 ^' "ST"' ^^^ r+-c- ^'- ^M=^l^ 

„ X — 4 - a: . 7^ '\'X 

1.x = — , and - . Ans. — ^ — . 

5 4 5 

ax iZ X fflr x^ 

8. a -j , and x ; — . Ans. ^3 -x. 

* a — x a + « or — xr 



AL&EBRAIC FRACTIONS. 77 



6. DIVISION OF FRACTIONS. 

Rttle. Invert the divisor^ and proceed as in virdtipHcO' 
tian. 

Divide the following fractions : 

^ a^b , ab * tf 

1. 3-; by -3. Ans. -. 

<rd '' cd e 

7 -^ 14 a: 3 

3. -— !— by ' ^ . Ans. -3 5. 

X — y ^ a — b 3r — y* 



7 -' 7 • y 

_3a; + 5,15a:4-25 , a- 

5. j-!-^ by — 5 — L__. Ans. — =■ 

3a:* , 2a; .9 a; 

^- 57=10 ''yT5¥:^3b- ^^-^ 

7. — j-^ by „ , o — " . . . Ans. 1 

9* ar H — 5 3 by x, Ans. — j — . 

^ (t — x^ "^ a — X a-^x 

7. ADDITION OF FRACTIONS. 

Rule. Reduce the fractions to a common dervominator , 
then add the rmmerators^ and 'place the sum over the common 
denominator. 

Add the following fractions : 



c . ad-]- be 

-5. Ans. , — ; — • 

7* 



l.^.and^. .^,-. ^^ 
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. I2bca + baex'^4:0abz 

3. 3 X, a: + -r-, and Az =-. Ans. 8a; — -zrp- 

4 o 5fO 

4. — i — ,ana . Aws. -s— ' — 5 

a4"^ * — ^ * — ^ 

- a i - 1 . aj^ — bx4-l 

5. -, - ^.and^ Ahs. ^^~J— 

6. 5—! — .and-;— i- — . Ans. :p-! — -3. 
1 — X 1+* 1 XT 

- , and = . Ass. 



a; , at . 2a:» + i 
8. j.and ;— jj. Ahs. 



x + 2' ar' + «— 2* 

- 1+a? ,1—^ . 2(l + a^) 

a" 1 , ^ 

10. -5 ^3, r-, and 



a^ — a^* a — z^ a -}- z' 

<r — ar 

8. SUBTRACTION OF FRACTIONS. 

Rule. Beduce the fractions to a common denominator , 
then place the difference of the numerators over the commo?4 
denominator. 

1. From -Y- take -r-. Ans. •=•. 

00 o 

2. From -take-. Ans. - — ^ . 

y V vy 

or* K * 1 3 — 2a: . 32ar — 3 

3. From 5 a; take — 5 • Ans. • 

Q Q 




a: -j- y x — y 

7. From ■ — r take — ; — r. Ans. ^ ' ,, — . 

a — b a -f- b or — b* 

8. From"^7"^+^ke-^. 

Ans. =- . 

y 

n T? n I 4a: — 6^ , „ , 7a:— 12 

9. From bx-] = — take 2 a; -| =^ . 

10. From 6 a -4 take 2 a -J . 

'a * a: 

. ^ , 3a:« + aa: — 4a» 
Ans. 4 a H ■ . 

11 17 4,7. l + 2a: 

11. From rz [- 7—; take :r-^ =. 

1 — x'1 + 3: 1 — x^ 



ax 



^ 10 — Sa: 



SECTION VII. — Equations of the First Degreb 

40« The rules obtained in the preceding equations are 
sufficient for the solution of all equations of the first degree. 
We proceed to some e;[amples involving operations, chiefly- 
fractional, a little more complicated than those which have 
thus far been required. 
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1 . A student spends a seventh part of his income for Dooks, 
and the rest in his ordinary expenses ; could he, however, 
receive an addition of $100 yearly, then he might spend a 
fifth part of his annual income in books, and still have $40 
more than before for his ordinary expenses. What was his 
income? Ans. $700. 

2. I take a certain number, multiply it by 3f , take 60 from 
the product, multiply the remainder again by 2^, and sub- 
tract again 30, when nothing remains. What is the num- 
ber ? Ans. 21. 

3. A person possesses a wagon with a mechanical con- 
trivance, by which the difference of the number of revolu- 
tions of the wheels on a journey may be determined. It is 
known that each of the fore-wheels is 5^ and each of the 
hind-wheels 7 J feet in circumference. Now, when, in a 
iourney, the fore-wheels have made 2000 revolutions more 
than the hind-wheels, how great was the distance travelled ? 

Let X = the number of revolutions of the hind-wheels ; 
then X -[- 2000 ==■ those of the fore, and we obtain x =: 
5600 ; whence the distance travelled will be 39,900 feet. 

4. A boy had a certain number of pears and three times 
as many apples ; after having sold 10 pears and bought 20 
apples, he found that if he subtracted J of his number of 
pears from his number of apples, the remainder would be the 
same as if he subtracted ^ his number of apples from 5 
times his number of pears. How many of each had he at 
first? Ans. 70 pears and 210 apples. 

5. A gentleman deposited in Bank a certain sum of money. 
From this he drew a third part, and then deposited $50. A 
short time after, he drew from the sum thus augmented the 
fourth part, and again deposited $70. After this, he found 
that he had in Bank $120. What was the sum originally 
deposited ? 
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o 2 a; 4- 16C 
Let X = the original sum; then ^ a; + 50== -^ ■ 

E= what he had in Bank after drawing out the third part 
and depositing $50. Proceeding in like manner, we obtain 
for the equation of the question i 

3 (2.+ 150) ^,0^120. 

whence x = 25. Ans. $25. 

6. A gentleman paid out ^ of the money he had in his 
purse, and then received 3 shillings ; again, he paid out ^ of 
what he then had, and afterwards received 2 shillings ; lastly, 
he paid out i of what he then had, and found that he had 14 
shillings left. How much had he at first ? Ans. 24s. 

7. A shepherd, driving a flock of sheep in time of war, 
meets with a company of soldiers, who plunder him of half 
of his flock and half a sheep over; and a second, third and 
fourth company treat him in the same manner, each taking 
half of the flock left by the last and half a sheep over, when 
but eight sheep remained. How many sheep had he at first ? 

Ans. 143. 

8. A merchant increased his capital the first year by 
$200 more than the half of it, and in the second year by 
$300 more than one-half of what he had at the beginning 
of that year. He now found that his capital was three times 
as large as it was at first. What was it at first ? 

Ans. $800. 

9. A person has a certain sum of money placed to his 
credit. Upon this he draws for $50 more than its half, upon 
the remainder he draws for $30 more than its fifth part, and 
again upon this last remainder he draws for $20 more than 
its fourth part. He afterwards settles his account, and finds 
that he has only $10 left. What was the sum placed to hii 
credit ? 
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Let x = the sum; then - — 60 == -^^ — =whathe 

had left after the first draft. 

And— g— 30 = 4z-^=what 

he had left after the second draft. 

The equation of the question will then be 
4 a; — 700 4»-700 

-To 40 ^ = ^°' 

whence x = 275. Ans. 8275. 

10. A father, dying, leaves his estate to be divided 
among his three children in the following manner: the 
youngest child is to receive $200 and one-half of the 
remainder; the second is to receive one-fifth of the residue 
and $400; the eldest is to receive the remainder, which 
amounts to $520. What was the value of the estate ? 

Ans. $2500. 

11. Two persons, A and B, found a purse containing 
dollars. A took from it $2 and the sixth of the remainder, 
after which B took from it $3 and the sixth of the remainder, 
when it was found that they had taken from it equal sums. 
How much money was there in the purse at first ? 

Ans. $20. 

12. A merchant adds yearly to his capital one-third, but 
takes from it, at the end of each year, $1000 for his expenses. 
At the end of the third year, after deducting the last $1000, 
he finds himself in possession of twice the sum he had at 
first. How much did he possess originally ? 

Ans. $11100. 

13. Out of a certain sum a man paid his creditors $96; 
half of the remainder he lent his friend; he then spent one 
fifth of what now remained, and, after all these deductions 
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had one-tenth of his money left. How much had he at 
first? Ans. $128. 

14. If 10 apples cost a penny and 25 pears cost two- 
pence, and I buy 100 apples and pears for ninepence half- 
penny, how many of each shall I have ? 

Ans. 75 apples and 25 pears. 

15. A trader took from his capital, to meet his expenses, 
$50 a year for three years in succession ; and in each of 
those years augmented that part of his stock which was not 
so expended by one-third thereof. At the end of the third 
year, his original capital was doubled. What was that 
capital? Ans. $740. 

PROBLEMS AND EQUATIONS WIIH TWO UNKNOWN QUANTITIES. 

41 • We have solved the preceding equations by the aid 
of one unknown quantity only. It is often convenient, and 
even necessary, to employ more than one unknown quantity. 

1. The sum of two numbers is 70, and their difference is 
10. What are the numbers ? 

This question naturally presents itself with two unknown 
quantities, viz., the two numbers required. Let us put z for 
the greater and y for the less. 

Then by the first condition, x ~\- y =^10; 
and, by the second, x — y= 10. 

If we now deduce the value of x from the second equa- 
tion, we obtain x=lO -^y. And if for x in the first 
equation we put its value, 10 -|- y, we obtain 

10 + ^ + ^ = 70, 
an equation which contains only one unknown quantity, and 
from which we obtain y = 30. 

Putting next, either in the first or second equation, for y 
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its value, 30, we obtain x «« 40. Thus the two numbers 
are 30 and 40. 

2. Two purses together contain $250. If, now, $25 are 
taken out of the first and put into the second, they will then 
contain each the same sum. How many dollars does each 
contain ? Ans. $150, and $100. 

3. A boy bought a peach and 4 apples for 14 cents. He 
afterwards bought, at the same price, a peach and 7 apples 
for 23 cents. What was the price of each ? 

Ans. 2 and 3 cents, respectively 

4. Says A to B, Give me $100, and I shall have as much 
as you. No, says B, give me, rather, $100, and then I 
shall have twice as much as you. How many dollars had 
each ? Ans. A $500, B $700. 

5. Find two numbers such that the sum of five times the 
first and six times the second shall be equal to 11, and the 
difference between three times the first and twice the second 
shall be equal to 5. 

Putting X and y for the numbers, the equations will be 

5a:+6y=ll 

3a; — 2y= 5. 
From the last equation we obtain 

x — —^—. 

Substituting this value of x in the first equation, 

From which we obtain y = f , and, by substitution, x = If. 

6. A draper sold 2 yards of broadcloth and 3 yards of 
velvet for $35; and afterwards he sold 4 yards of broadcloth 
and 5 yards of velvet for $65. What was the price of each 
per yard ? Ans. $10 and $5. 
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7. A gentleman purchased 7 pairs of shoes and 3 pairs 
of boots for $29. He afterwards purchased, at the same 
rate, 5 pairs of shoes and 2 pairs of boots for $20. What 
was the price of the shoes and boots a pair ? 

Ans. The shoes $2, and the boots $5. 

8. A farmer sells to one man 3 cows and 5 oxen foi 
$235. He afterwards sells to another, at the same rate, 7 
cows and 10 oxen for $490. For what did he sell each ? 

Ans. Cows at $20, and oxen at $35. 

9. After A had won 4 shillings of B, he had only half &i 
many shillings as B had left. But if B had won 6 shillings 
of A, then B would have had three times as many as A 
would have had left. How many had each ? 

Ans. a 36^., B 84^ 

10. The mast of a ship consists of two parts : one-third of 
the lower part added to one-sixth of the upper part is equal 
to 28 feet; and 5 times the lower part diminished by 6 times 
the upper part is equal to 12 feet. What is the length of 
each part ? Ans. The lower 60, and the upper 48 feet. 

ELIMINATION. 

42. In solving the preceding questions, our first object 
has been to obtain, from the two equations with two unknown 
quantities given by the question, a single equation contain- 
ing one unknown quantity only. This is called elimination 
The particular process already explained is called dimina* 
tioii by substitution. It consists in deducing the value of 
one of the unknown quantities from one of the equations 
and substituting this value in the other. 
1. Let us take next the equations 
42: — 7y=:34 
8a; + 3y=102. 
8 
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From the first equation we have 

^— 4 ' 

f .u A 102 --3y 
from the second, z c= 5 — -. 

o 

But since things which are equal to the same are equal 
to each other, we have 

34+7y 102—3y 
4 "" 8 • 
From which we obtain y = 2 ; whence x = 12. 
The method of elimination here employed is called 
dimination by comparison. It consists in finding the value 
of one of the unknown quantities in each of the equations, 
and then putting these values equal to each other. 

Ex. 2. Find, by the same method, the values of z and y in 
the equations 

a:+15y = 63 
y-f 3a: = 27. 

Ans. z = S,ys=z3. 
Ex. 3. Find the values of z and y in the equations 
5a:-f 4y==68 
3a: + 7y=:67. 

Ans. a: = 6, y = 7. 
43* 1. Let it be proposed to eliminate one of the unknown 
quantities, y for example, from the following equations : 
a;-f y=220 
4 a: — 3y=180. 
If we multiply the first equation by 3, the coefficients of y 
in the two equations will be equal, and the equations become 
3a:-f-3y = 660 
4« — 3y=180. 
Since the members of an equation are equal quantities 
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if we now add these equations, member to member, the 
results will be equal, and we shall have 

7a: = 840; 
an equation containing x only, and from which we obtain 
X = 120. 

2. Let it be required next to eliminate x from the equations 

2x4-3y = 31 
5a: + 4y = 53. 
If we now multiply the first equation by 5 and the second 
by 2, the coelSicients of x will be equal in the two equations 
which become 10 a: + 15 y = 155 

10 a: + 8y=106. 
On the same principle that we before added, if we now 
subtract the second of these equations from the first, wc 
obtain 7 y = 49 ; 

whence y= 7.. 

3. Let it be required next to eliminate x from the equa- 
tions 4 X -j- 9 y c=s 51 

8 a: — 13 y = 9. 
Here 4, the coefiicient of x in the first equation, is a factor 
of 8, the coefficient of x in the second, the other factor being 
2 ; if, then, we multiply the first equation by 2, the coeffi- 
cients of X in the two equations will be equal. Performing 
the operation, and subtracting the second equation from the 
first, we obtain 31 « = 93 • 

whence y = 3. 

4. As a fourth example, let x be eliminated from tho 
following equations : 

6a;-f 8y = 36 
15 a: — 7y= 9. 
Here the coefficients of x have a common factor 3, the 
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^ 2a z ,2a: 
oa 46 c 

. 12 bca-^-bacx-^ 40 abz 

3. 3 a:, a: + -r-, and 4 a: =-. Ans. 8 a: — -^rp- 

'4 o 20 

4 — ; — , and . Ans. on 

a -f- z a — z cr — r* 

- a 3 , 1 . aa:* — 3a: 4- 1 

^- ? "" ^' ^^^ •?. Ans. J, 

. 1+a: ,1 — a: . 2 + 2a:» 

6. =— i — ,andr--p — . Ans. ^ — -3. 
1 -—a: 1 +^ 1 — ^ 

11 ^ 

7. i — i — ,and:j . Ans. 



i + a:' 1 — X 1 — ^ 

_a: j« A2a:' + a: 

8- ^TT-r-^d J+^- Ans. p^pf^. 

^- nr^'^"^r+^* ^^' 1— a^- 

10. -5 3, r-, and 



c^ — x^^ a — a:' a -j- ^* 

ga: + fl + a: - 
^«- a«_a:« • 

8. subtraction of fractions. 
Rule. Eeduce the fractions to a common denominator , 
then place the differervce of the numerators over the commo?^ 
denominator. 

1. From -^ take -7-. Ans. -=-• 

00 o 

2. From -take-. Ans. ^—. 

y V vy 

or? r^ *i 3 — 22: . 32a: — 3 

3. From 5 a; take — s . Ans. . 
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4 From — i— rtake — j— 7. Ans. -^ r^. 

a — h a-^- b or — Ir 

7a_6 , 9a + 3 . 8a — 39 

5. From — ^i — take — -^ — . Ans. =-r — . 

00 lo 

6. From — ; — take . Ans. — ^ 



X -[- y X — y ' ^ — y** 

7. From ' — jtake — ; — r. Ans. , ' .^ — . 

a — b « + & a' — b^ 

8. From^^-^y+^take^L-. 

f — v V — 1 

y 

9. From 5 a: -j = — takeSar-] -^ . 

. „ , 3a;-f 6 

10. From 6 a-] take 2 a A . 



ax 



A • 3a:»4-aa: — 4a« 

Ans. 4 a -j ■ , 

11. From ■= f- :r— T take :j— ^ ;, 

1 — a;'l + a; 1 — x* 



10 — 6a: 
Ans. -J— p-. 



SECTION VII. — Equations of the First Degree 

40* The rulea obtained in the preceding equations are 
sufficient for the solution of all equations of the first degree. 
We proceed to some e^mples involving operations, chiefly- 
fractional, a little more complicated than those which have 
thus far been required. 
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first, then it is half as valuable as the other ; but if he takes 
the 98 out of the first and puts them into the second, then 
this is worth three times as much as the first. What is the 
value of each purse ? 

Ans. The first S48, the second $112. 

2. Two numbers are given by the following properties. 
If the first be increased by 4, it is 3^ times as great as the 
second ; but if the second be increased by 8, then it is half 
as great as the first. What are the two numbers ? 

Ans. 48 and 16. 

3. A owes S1200, B S2500 ; but neither has enough to 
pay his debts. Lend me, said A to B, the eighth part of 
your fortune, and I shall be enabled to pay my debts. B 
answered, I can discharge my debts, if you will lend me the 
ninth part of yours. What was the fortune of each ? 

Ans. A's $900 and B*s $2400. 

4. A person has two large pieces of iron, whose weight 
B required. It is known that f of the first piece weigh 96 
bs. less than f of the other piece, and that | of the other 
piece weigh exactly as much as | of the first. How much 
lid each of these pieces weigh ? 

Ans. The first 720 lbs., the second 512 lbs. 

5. Said a lad to his father, How old are we ? Six years 
ago, answered the latter, I was one-third more than three 
times as old as you; but three years hence, I shall be 
obliged to multiply your age by 2^, in order to obtain my 
own. What is the age of each ? 

Ans. The father 36, the son 15 years. 

6. There is a fraction such, that if 1 be added to the 
numerator, its value becomes ^, and if 1 be added to the 
denominator, its value becomes J. What fraction is it ? 

Let X s= the numerator, and y = the denominator. The 
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fraction will be -, and we shall have, for the equations of 

y 

x+l 1 , 
the question, — ■ — = ^, occ. 

y o 

7. It is required to find a fraction such, that if 3 be sub- 
tracted from the numerator and denominator, it is changed 
into ^, and if 5 be added to the numerator and denominator, 
it becomes J. What fraction is it ? Ans. ^, 

8. Two clerks, A and B, sead ventures, by which A 
gained $20 and B lost S50, when the former had twice as 
much as the latter ; but had B gained $20 and A lost $50, 
then B would have had 4 times as much as A. What sum 
was sent by each ? Ans. A sent $80, B $100. 

9. A and B engage in tmde. A gains $1500 and B 
loses $500, when A's money is to B*s as 3 to 2 ; but had A 
lost $500 and B gained $1000, then A's money would have 
been to B's as 5 to 9. What was the stock of each ? 

Ans. A's $3000, B's $3500. 

10. A certain number, consisting of two places of figures, 
is equal to 7 times the sum of its digits ; and if 18 be sub- 
tracted from it, the digits will be inverted. What is the 
number ? 

Let X = the figure in the place of tens, y that in the 
place of units ; then the number will be 10 x + y» ^^'^ ^® 
shall have, for the equations of the question, 
10a: + y = 7 {x + y) 

10 a: 4- y — . 18 = 10 y + 2?- 

Ans. 42. 

11. A certain number consists of two figures, the sum 
of which is 8; and if 36 be added to the number, the digits 
will be inverted. What is the number ? Ans. 26. 

12. Bought linen at 60 cts. per yard, and muslin at IS 
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cents per yard, amounting in all to $11.40. I afterwards 
sold -^ of the linen and ^ of the muslin for $3.89, having 
cleared 29 cents hy the bargain. How many yards of each 
did I purchase ? Ans. 15 of linen, 16 of muslin. 

13. Purchased 25 lbs. of sugar and 36 lbs. of coffee for 
$8.04; but the price of each having fallen 1 cent per lb., 1 
afterwards bought 2 lbs. more of the first and 3 lbs. more of 
the second for the same money. What was the price of 
each ? Ans. Sugar 12 cts., coffee 14 cts. 

14. Bought 10 cows and 15 sheep for $215. I after- 
wards purchased 5 cows and 7 sheep for $107.50, the cows 
costing $1 a head more and the sheep 50 cents less than 
before. What were the prices of the first lot ? 

Ans. Cows $17, sheep $3. 

15. What fraction is that, whose numerator being doubled, 
and the denominator increased by 10, the value becomes ^ ; 
but the denominator being doubled, and the numeratot 
increased by 5, the value becomes ^ ? Ans. |. 

16. Not long since, the bushel of rye was 42 cents and 
the bushel of wheat 90 cents cheaper than they are now ; 
then the price of rye was J that of the wheat ; their present 
prices are as 7 to 12. What is the present price of each ? 

Ans. Rye $1.26, wheat $2.16. 

17. A grain-dealer makes a mix^re of barley and oats. 
If he mixes 5 bushels of barley with 4 of oats, the mix- 
ture is worth 60 cents a bushel ; if he mixes 7 bushels of 
barley with 3 of oats, the mixture is worth 66 J cents a 
bushel^ What is the cost per bushel of the barley and oats ? 

Ans. The barley 80 cents, the oats 35 cents. 

18. A wine-merchant has two kinds of wine. If he 
mixes 3 gallons of the worst with 5 of the best, the mixture 
is worth $1 per gallon; but if he mixes 3^ gallons of the 
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worst With 8f gallons of the best, then the mixture is worth 
81.03^ per gallon. What does each wine* cost per gallon ? 
Ans. The best $1.12, the worst 80 cents. 

19. 34 lbs. of zinc lose 5 lbs. when immersed in water, 
and 17 lbs. of tin lose 2 lbs. in water. A composition of 
zinc and tin weighing 136 lbs. loses 19 lbs. in water. How 
much does this composition contain of each metal ? 

Let a: = the number of lbs. of zinc, y = the number of 
lbs. of tin ; then a: -{- y = 136. And since 34 lbs. of zinc 
lose 5 lbs., 1 lb. will lose •>^, and x lbs. will lose,^ x lbs. 
In like manner, y lbs. of tin will lose -^ y lbs., and we have 
^ X -f- T^r y = 19. Ans. 102 lbs. zinc, and 34 lbs. tin. 

20. 77 lbs. of gold lose 4 lbs. in water, and 21 lbs. of sil- 
ver lose 2 lbs. in water. Now, if a composition of gold and 
silver, weighing 24J lbs., lose IJ lbs. in water, how many 
lbs. does it contain of each metal ? 

Ans. 19^ lbs. of gold, and 5j lbs. of silver. 

21. Hiero, King of Syracuse, having ordered his jeweller 
to make him a crown of gold, of the weight of 20 lbs., sus- 
pecting that he had put some silver in it, directed Archim- 
edes to examine -it. When weighed in water, it was 
found to lose 1^ lbs. Required the number of lbs. of silver 
it contained, supposing that 19.64 lbs. of gold lose 1 lb. in 
water, and 10.5 lbs. silver lose 1 lb. in water. 

Ans. 5.22.... 

problems and equations with more than two unknown 
quantities. 

46* 1. A mercer has 3 pieces of silk. He sells 2 yards 
of the first, 3 of the second, and 4 of the third, for $19; 
again he sells 3 yards of the first, 2 of the second, and 5 of 
the third, for $21 ; and again 5 of the first, 4 of the sec- 



94 ELEMENTART ALSEBRA. 

ond, and 3 of the third, for $23. At what price per yard did 
he sell from each piece ? 

This question presents itself obviously with three un- 
known quantities. Let x represent the price per yard of 
the first, y of the second, and z of the third. Then, by the 
question, 

2a:-f.3y + 4z=19 

dx-^-Ay + Qz =^. 
If we now multiply the first of these equations by 3 and 
the second by 2, and subtract the latter from the former, we 

obtain 

5sr + 2z=15. 

Again, multiplying the first by 5 and the third by 2, and 
subtracting, we obtain 

7y+ 14z = 49. 

We now have two equations, with two unknown quanti- 
ties only. Eliminating from these, as in the preceding ex- 
amples, we obtain y = 2, z = 2.50 ; and substituting these 
values for y and z in the first equations, we obtain x = 1.50 
The prices are, therefore, $1.50, $2, and $2.50, respectively 

EXAMPLES. 

1. Find the values of x, y and z, in the equations 

a: + y + z = 15 
x+2y + 3z = 23 
X'\'Sy + 4.z = 28. 

Ans. a: = 10, y = 2, z = 3. 

2. Find the values of x, y and z, in the equations 

x+ y+ z = 9 
a;-f3y — 3z = 7 
ar— 4y + 8z = 8. 

Ans. a: = 4,y = 3, z = 2. 
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3. Find the values of Xy y and z, in the equations 

4 a; 4- 6 y + ^ ^ = 48 
5a: — 3y + 4z = 31. 

Ans. o; = 5, y := 2, z s=s 3, 

4. Find the values of ar, y and 2r, in the equations 

3ar4-2y — 6z = 8 

3 f" ^ ^• 

Ans. a: = 3, y = 2, ar= 1. 

6. Find the values of x, y and z, in the equations 

2ar+ y-^7z = 

4a: — 6y4-2z = 

2a: + 3y— 9z = 4. 

Ans. a: = 5, y = 4, « = 2. 
2. Any number of unknown quantities may be employed, 
as convenience may lequiie^ provided there are as many 
distinct conditions in the question as there are unknown 
quantities employed. From what has been done, the method 
of resolving the equations will be readily inferred. Thus, 
if there are four equations with four unknown quantities, 
we combine the equations, two by two, until one of the 
unknown quantities is eliminated from the whole ; we then 
have three equations, with three unknown quantities. In 
the same manner as in the preceding examples, we next 
combine these, two by two, until one of the unknown quan- 
tities is eliminated, and so on. The process is altogether 
similar, for five or more equations, with the same number of 
unknown quantities. 
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From the first equation we have 

^— 4 > 

f .u J 102 --3y 

from the second, x c= ^ — ^. 

o 

But since things which are equal to the same are equal 

to each other, we have 

34-|,7y 102— 3y 

4 ~ 8 • 

From which we obtain y = 2 ; whence x = 12. 

The method of elimination here employed is called 

dimination by comparison. It consists in finding the value 

of one of the unknown quantities in each of the equations, 

and then putting these values equal to each other. 

Ex. 2. Find, by the same method, the values of x and y in 

the equations 

a;+15y==53 

y-j- 3a: = 27. 

Ans. a: = 8, y = 3. 

Ex. 3. Find the values of x and y in the equations 

5x-{-4y = 68 

3 a; + 7 y = 67. 

Ans. a; = 6, y = 7. 

43* 1. Let it be proposed to eliminate one of the unknown 

quantities, y for example, from the following equations : 

a;-f y=220 

4 a: — 3y=180. 

If we multiply the first equation by 3, the coefficients of y 

in the two equations will be equal, and the equations become 

3 X -f- 3 y = 660 

4a: — 3y=180. 

Since the members of an equation are equal quantities 
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4. Find three numbers such that their sum shall be 60 
one-half of the first, one-third of the second, and one-fifth of 
the third, shall be 19 ; and twice the first, with 3 times the 
difference between the second and third, shall be 50. 

Ans. The numbers are 10, 30 and 20. 

5. A and B possess together only J of the property of G ; 
B and C have together 5§ times as much as A ; if B were 
$400 richer than he actually is, then he would have as much 
as A and G together. How much has each ? 

Putting a;, y and z, for y, their fortunes respectively, from 
the first condition we have a; -|- y =: f z, 
or ^ + y — J«==0, &c. 

Ans. a $120, B $200, and G $480. 

6. To find three numbers such that the first, with ^ of the 
sum of the second and third, shall be 119 ; the second, with 
^ of the difference between the third and first, shall be 68, 
and ^ of the sum of the three numbers shall be 94 

Ans. 50, 63 and 75. 

7. A, B and G, together, possess $1500. If B gives A 
$200 of his money, then A will have $280 more than B ; 
but if B receives $180 from G, then both will have the same 
sum. How much has each ? 

Ans. a $300, B $420, and G $780. 

8. Three persons have to pay a debt of $1350. Neither 
of them can pay it alone ; but when they unite, it can be 
done in either of the following ways : 1st, by B's putting ^ 
of his property to all of A's ; 2dly, by G's putting ^ of his 
property to that of B's, or by A's adding f of his property to 
that of G's. How much did each possess ? 

Ans. a $1250, B $900, G $600. 

9. Three persons, A, B and G, compare their fortunes. 
Says A to B, Give me $700 of your money, and I shall hav9 

9 
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xriae xf TrmHr. ms jira reain: ays B to C, Give me (1400 
L2iZ I ftT ; y iax* iLrbe as mndi as you have remaining ; 
S175 C n i Gjr* lae i4iJ0, and then I shall have five times 
£s TT.xi.'iT e« TDK jpg.'.f. Hov much has each ? 

A^ A »S0, B 81540, C $2380. 

;.TX5r:::^ FLricrzsc xbgattve results. 

-E^ Fncr ^ iai2« of negative quantities, we have 
aesx iaj -m ^Ljjxl of a m^atiTe quantity is the same as 
nif s^imiTz-rsr re' ar cc=al positiTe quantity, and that the 
5z.:cnr:i,.-tL :c a z»?,rrriT? caardnr is the same as the addition 
af ax f»r2:-. p:^-i.r» casThy, It follows from this, that 
*i.l_z.:ii ::!. A^r^isra £>25 nx alvays, as in Arithmetic, imply 
x2^r=?ei:2.r>:u:L rizi. re ibe cociraiy, either augmentation or 
£.:r-i2r:cL BrcT-rlir^r as i^ quantities to be added are 
Tc:? :-T? x- r^f'ZirT?. So. likewise, subtraction does not 

il -riTrs IrrrLj i ^-fr, boi. on die contrary, either dimin- 

x: .c cr izr=?rriarjr=. accwiing as the quantities to be 

Le« r>- w li:? frllrTri::^ c^^estic^B be pro^^osed : 

1. Tnt l£^rc:i re* a ce::tain £eli is 12 rods and the breadth 
i? S rAi< : h. w r::a-i csss be added to the length, that the 
teli 2iXY vvnisin -«? sq^aie rods ? 

Lfe; r = :he qjiiztln- to be added ; 
thea 96i-Sx = 40; 

whence x = — 7. 

The answer rs — 7 r^lsL This is a true answer to the 
quej?t iou in the al^ebru^ «ense of addition. For, if we 
suWntute in the equation for x its value, — 7, we obtain 
96 — 56 = 40, a true equaticm. The enunciation, how- 
•vwr intends an €ark.\metkxd addition, and in this sense 
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the question involves an absurdity; since it lequires that 
something should be added to 96 to make 40, when 96 is 
already greater than 40. This absurdity leads to the nega- 
tive result, and is indicated by it. 

If now for z in the equation we write — a;, the equation 
becomes 96 — a: = 40, which will be the equation of the 
question, modified thus : 

The length of a certain field is 12 rods and the breadth is 
8 rods ; how much must be siibtracted from the length, that 
the field may contain 40 square rods ? 

Resolving the equation of the question, thus modified, we 
obtain a; = 7. Here the answer is positive, and satisfies the 
question in the exact or arithmetical sense of the enunciation. 

2. The length of a certain field is 13 rods and its breadth 
7 rods ; how much must be subtracted from its length, that 
the field may contain 119 square rods ? 

Let a: = the quantity to be subtracted ; 
then 91 — 7 a: ==119; 

whence a: = — 4. 

The answer is — 4 rods. Putting — 4 for a: in the 
equation, it becomes 91 -{- 28 == 119, a true equation. 
But, as an arithmetical subtraction is intended in the enun- 
ciation, the question involves an absurdity, since we are 
required to subtract something from 91 to make 119, when 
91 is already less than 119. If, however, we put — x for 
X in the equation, it becomes 91 -f- 7 a; = 119, which will 
be the equation of the question, modified thus : 

The length of a certain field is 13 rods and its breadth 7 
rods ; how much must be added to its length, that the field 
may contain 119 square rods ? 

Resolving the equation of the question, thus modified, we 
obtain a; = 4, a positive answer, and which satisfies the 
question in the sense of its enunciation. 
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first, then it is half as valuable as the other ; but if he takes 
the $8 out of the first and puts them into the second, then 
this is worth three times as much as the first. What is the 
value of each purse ? 

Ans. The first $48, the second S112. 

2. Two numbers are given by the following properties. 
If the first be increased by 4, it is 3^ times as great as the 
second ; but if the second be increased by 8, then it is half 
as great as the first. What are the two numbers ? 

Ans. 48 and 16. 

3. A owes $1200, B $2500 ; but neither has enough to 
pay his debts^ Lend me, said A to B, the eighth part of 
your fortune, and I shall be enabled to pay my debts. B 
answered, I can discharge my debts, if you will lend me the 
ninth part of yours. What was the fortune of each ? 

Ans. A's $900 and B^s $2400. 

4. A person has two large pieces of iron, whose weight 
£ required. It is known that f of the first piece weigh 96 
bs. less than f of the other piece, and that | of the other 
piece weigh exactly as much as f of the first. How much 
lid each of these pieces weigh ? 

Ans. The first 720 lbs., the second 512 lbs. 

5. Said a lad to his father, How old are we ? Six years 
ago, answered the latter, I was one-third more than three 
times as old as you; but three years hence, I shall be 
obliged to multiply your age by 2^, in order to obtain my 
own. What is the age of each ? 

Ans. The father 36, the son 15 years. 

6. There is a fraction such, that if 1 be added to the 
numerator, its value becomes i, and if 1 be added to the 
denominator, its value becomes J. What fraction is it ? 

Let X = the numerator, and ^ ss the denominator. The 
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fraction will be -, and we shall have, for the equations of 

y 

the question, 

7. It is required to find a fraction such, that if 3 be sub- 
tracted from the numerator and denominator, it is changed 
into ^, and if 5 be added to the numerator and denominator, 
it becomes ^. What fraction is it ? Ans. -f^. 

8. Two clerks, A and B, sead ventures, by which A 
gained $20 and B lost $50, when the former had twice as 
much as the latter ; but had B gained $20 and A lost $50, 
then B would have had 4 times as much as A. What sum 
was sent by each ? Ans. A sent $80, B $100. 

9. A and B engage in trade. A gains $1500 and B 
loses $500, when A's money is to B's as 3 to 2 ; but had A 
lost $500 and B gained $1000, then A's money would have 
been to B's as 5 to 9. What was the stock of each ? 

Ans. A's $3000, B's $3500. 

10. A certain number, consisting of two places of figures, 
is equal to 7 times the sum of its digits ; and if 18 be sub- 
tracted from it, the digits will be inverted. What is the 
number ? 

Let X =: the figure in the place of tens, y that in the 
place of units ; then the number will be 10 x 4* y» &°^ ^^ 
shall have, for the equations of the question, 
10x + y = 7 (x + y) 

10 ar -j- y — 18 = 10 y -j- ^• 

Ans. 42. 

11. A certain number consists of two figures, the sum 
of which is 8; and if 36 be added to the number, the digits 
will be inverted. What is the number ? Ans. 26. 

12. Bought linen at 60 cts. per yard, and muslin at 15 
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5. A father is 55 years old, and his son 16. In how 
many years will the son be one-fourth as old as the father ? 

Resolving the question, we obtain — 3 for the answer. 
The question should have been, How many years ago was 
the son one-fourth as old as the father ? 

6. What number is that whose fifth part exceeds its 
fourth part by 15 ? 

The negative answer shows that the question should be. 
What number is that whose fourth part exceeds its fifth part 1 
&c. 

7. Two persons, A and B, comparing their fortunes, find 
that A's is to B's as 2 to 3 ; they gain each $40, when A's 
money is to B's as 4 to 7. How much money had each ? 

The negative answer shows that the persons were com- 
paring their debts^ instead of their money in hand. 

8. A father is 45 years old, and his son 15 years ; when 
will the father be 4 times as old as his son ? 

The negative answer shows that the father was four times 
as old as his son some years ago. 

9. A cistern has three cocks; the first will fill it in 5 
hours, the second in 8, and by the third it will be emptied 
in 3 hours. In what time will it be filled, if all three run 
together ? 

The negative answer shows that the cistern should be 
supplied by the discharging cock, and emptied by the other 
two. 

10. Let the learner now explain the negative answers in 
this and the follovnng questions : 

A has $150, B $120 ; they each receive a certain sum, 
when it is found that A's money is to B's in the proportion 
of 3 to 2. What did each receive ? 

11. Two gentlemen comparing their fortunes, says A to 
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B, If the amount of my money be divided by yours, the 
quotient will be ^ ; but if we lose each $1000, the quotient 
will be §. "What was the fortune of each ? 

12. A courier starts from a certain place, and travels at 
the rate of 43 miles a day ; ten days after, he is pursued by 
dnother, starting from the same place, and travelling at the 
/ate of 34 miles a day. In how many days will the secom. 
courier overtake the first ? 

13. Three persons talking of their gains, says A to B, 
Yours and mine together would make $145 ; says B to G, 
Fours and mine together would make $50 ; says C to A, 
Yours and mine together would make $55. What was the 
gain of each ? 

14. A mechanic worked for a gentleman 10 days, having 
with him an apprentice 7 days and his son 3 days, and 
received $28.50. At another time, he worked 6 days, hav- 
ing with him his apprentice 4 days and his son 5 days, and 
received $13.50. At a third time, he worked 8 days, having 
his apprentice with him 3 days and his son 4 days, and 
received $17. How much did he receive per day himself, 
and how much for his apprentice and son, severally ? 



SECTION VIII. — Solution of Questions in a 
General Manner. 

49, From what has been done, it will be seen that there 
are two distinct parts in the solution of a question : 1®, a 
process of reasoning, by which it is ascertained what numer- 
ical operations are necessary to obtain the answer ; 2®, the 
performing the operations thus determined. 

In the preceding examples, we have performed each 
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numerical operation as soon as determined ; and thus, while 
we have obtained the answer sought, no trace of the reason- 
ing has been left in the result. Let us now perform an 
example so as to separate these two processes, conducting 
first the process of reasoning to its conclusion, and then 
performing the operations determmed by it. 

Let us take, for this purpose, the following question : 
To divide the number 73 into two such parts that the 
greater shall exceed the less by 9. 
Putting X for the less part, we have 
a; + a: + 9 = 73 
2a: + 9 = 73 

2ar = 73 — 9 
73 — 9 

We have here conducted by itself, in the use of algebraic 
language, the reasoning required for the solution of the 
question. The expression at which we have arrived is not 
the answer, but the result of the reasoning pursued, and by 
which we are taught how to obtain the answer. -Translat- 
ing this result into common language, it stands thus : 

The less part is equal to one-half of the remainder, after 
subtracting 9 from 73. 

Subtracting 9 from 73, we obtain 64; one-half of this is 
32, the less part sought. 

Let next the following question be proposed : 

Two men, A and B, are to share between them $125, in 
such a manner that B shall have $15 more than twice as 
much as A. What will be the share of A ? 

Let X = A's share ; then 

a:-jl2ar+15=125. 

But X being taken once and also twice, or 1 -}- ^ t»n>«» 
we have 
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(1-1-2) a; + 15= 125 

(l + 2)a;=125— 15 
125—15 
'^— 1 + 2 • 
Here, also, we have simply the conclusion of the reason- 
ing pursued, according to which, in order to obtain the 
mswer, we are required to subtract 15 from 125, and to 
iivide the remainder by the sum of 1 and 2. 

Performing the operations, we obtain S3d§ for the share 
if A, as required. 

EXAMPLES. 

Putting X for the answer, what are the operations neces- 
sary to obtain the value of x, or the answer sought, in the 
following questions : 

1. What number is that to the double of which if 18 be 
added, the sum will be 82 ? 

82—18 
Ans. X == . 

2. What number is that from the quadruple of which if 

14 be subtracted, the remainder will be 48 ? 

48+14 

Ans. X = 3 . 

4 

3. What number is that to 5 times which if we add 
twice the remainder after subtracting 9 from it, the sum will 
be 80? 

. 80 + 2x9 

^«'^= r+2 •' 

4. It is required to find a number such, that if 10 be 
added to it, f of the sum will be 25. 
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5. It is required to find a number such, that if it be 
diminished by 7, and 12 be added to f of the remainder, the 
sum will be 70. 

S0« If the preceding examples are examined with atten- 
tion, it will be seen that the reasoning process by which the 
operations are determined does not at all depend upon the 
particular numbers given in the question, but will be pre- 
cisely the same, whatever these numbers may be. Let it be 
required, for example, to divide the number 100 into two 
such parts that the greater shall exceed the less by 25. 
Putting z for the less part, we have 
a: + X + 25 = 100 
2a; + 25 =100 

2a:= 100 — 25 
100 — 25 

Comparing this process with that pursued in the question 
first proposed, it will be seen that it differs in no respect 
from it, except that the number 100 has been substituted for 
73, and 25 for 9. By conducting the reasoning by itself, 
then, we determine, not merely how to get the answer to the 
question proposed, but to all questions which differ from it 
only in the particular numbers given. 

In the present case, suppose the number required to be 
divided is 175, and the given excess 50. Instead of solving 
the question anew, we are sure that we shall obtain the less 
part required by first subtracting 50 from 175, and then 
dividing the remainder by 2. Performing these operations, 
we obtain 62^ for the less part required. 

^1« The method here pursued is called solving th« 
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question in a gemjeral manner^ and the result obtained is 
called a general solution of the question. 
Let us take some additional examples. 

1. A prize of 1000 dollars is to be divided between two 
persons, A and B, whose shares are to each other as 7 to 9. 
What is the share of each ? 

Let X = A's share. Resolving the question in a general 
manner, we obtain 

_ 1000 X 7 
""— 7 + 9 • 
Performing the operations, we obtain, for A's share in this 
particular case, $437.50 ; subtracting this from $1000, we 
obtain $562.50, for B's share. But we may resolve the 
question directly with reference to B's share. Thus, ^et 
y = B's share ; then 

_ 1000 X 9 

from which we obtain $562.50 for B's share, as before. 

As another particular case, suppose the prize to be $1500, 
and the proportions as 5 to 13, what are the shares ? 

Multiplying, according to the expression for a:, 1500 by 5, 
and dividing the product by 5 -j- 13 = 18, we obtain $416f 
for A's share. In like manner, multiplying, according to 
the expression for y, 1500 by 13, and dividing by 18, we 
obtain $1083^ for B'? share. 

What will be the shares of A and B, respectively, in the 
following particular cases? 1. Suppose the prize to be 
$1150, and the shares as 5 to 7. 2. Suppose the prize to 
be $3200, and the shares as 11 to 15. 

2. The sum of $600 is to be divided between three per- 
sons, A, B, and C, in such a manner that B is to have twice 
and C three times as much as A. What is the share of 
each? 



108 CLEBIBNTART ALC^EBBA. 

Let X sss A'8 share ; then 

600 X 2 -3, . 
and 2 a; sa=B ^ b=3 B s share, 

. . 600 X 3 ^, , 

^«d 3:r«j-p5^=:.C'sshare. 

For the particular case in question, we shall have A's 
share s= $100, B's s $200, and C's = $300. 

1. What will be the share of A, if the sum to be divided 
is $850, and if B has 8 times and C has 5 times as much 
as A? 

2. What will be the share of B, if B has 7 and C has 4 
times as much as A, and the sum to be divided is $954 ? 

3. What will be the share of C, if B has 6 and C has 11 
times as much as A, and the sum to be divided is $1250 ? 

3. Divide $1800 among three men in such a manner 
that B will have $3 as often as A has $2, and C $7 as often 
as A has $5. 

Putting X =s A's share, we obtain 

1800 X 5 X 2 

^—5X2 + 5X3 + 7X2- 

What will be the expression for B's share ? What for C's ? 

What will be the share of A, if the sum to be divided is 
$3750, and if B has $4 as often as A has $3, and C has 
$11 as often as A has $9? Ans. $1054.68. . . . 

S3« In solving questions in a general manner, as 
explained above, care must be taken not to perform any of 
the operations as we proceed, since by so doing we should 
defeat the object proposed. Suppose that in the last exam- 
ple we had inadvertently performed the multiplication of 5 
by 2, the result. 
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1800 X 10 

''— 10 + 5x3 + 7x2' 

would still give the value of x for this particular question^ 
but would not show how to find its value for any other sim- 
ilar question. We should lose, therefore, the general solu* 
tion, which should always teach us how to obtain the 
answer by means of the numbers given in the proposed ques- 
tion. 

The liability to this error may be avoided, and, at the 
same time, the solution of the question in a general manner 
may be facilitated, by the use of some additional signs. 

Betuming to the question first solved, if we state this 
question without reference to any particular numbers, or, in 
other words, if we state the question itself in a general 
manner, it will stand thus : 

To divide a given number into two such parts that the 
greater shall exceed the less by a given excess. 

By the same principle that we put x to represent one of 
the parts sought, we may employ any convenient sign to 
represent the given number, and also the given excess. 

We have agreed to represent unknown quantities, or the 
quantities sought in a question, by some one or more of the 
last letters of the alphabet, as a:, y, z, &c. We will now 
represent the known, or given quantities, in the question, 
by the first letters of the alphabet, as a, ^, c, &;c. 

Thus, in the present question, let a represent the number 
^iven to be divided, and h represent the given excess. The 
question then may be stated more concisely, thus : 

To divide a number a into two such parts that the greater 
shall exceed the less by b. 

Putting, as before, x = the less part, the equation of the 
question will be 
10 
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a — h 



from which we obtain x — -. 

This expression for x is called di formula for a:. It snows 
how, in all cases, the value of z may be obtained. Trans- 
lated into common language, it is called a rule. Thus, in 
the present example, the rule by which to find the less part 
will be as follows : 

From the given number subtract the given excess ; one^ 
half the remainder wHl be the less part. 

To obtain a formula for the greater part, we mqy solve 

the question directly with reference to the greater part. But, 

since the greater part is equal to the less -{- the given 

excess, we shall have 

a — 3 , , a -i- b 

— f- ^ = — ^ — = the greater part 

The formula for the greater part will be, then, 
a + b 

from which we derive the rule for the greater part, viz. : 

To the given number add the given excess ; one-half the 
wmt tvill be the greater part. 

Examples. Find, by the rules, the two parts in the fol- 
lowing cases : 

1. Number to be divided, 183 ; given excess, 43. 

2. Number to be divided, 193 ; given excess, 17. 

3. Number to be divided, 754 ; given excess, 72. 

If the preceding solution be examined with attention, it 
will be seen that the formula, which expresses the result 
of the reasoning in algebraic language, is much more con- 
cise than the rule, which expresses the same result in com- 
mon language. Thus Algebra enables us not merely to ex 
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press, in a concise manner, the reasoning process necessary 
to the solution of a question, but also, with like conciseness 
the result or conclusion to which this process leads. 

53. The following questions evidently imply the divi 
sion of a number into two parts, one of which shall exceed 
the other by a givien excess. They may, therefore, be 
solved by the formulas above. 

1. A gentleman paid $350 for a horse and chaise ; the 
chaise cost $125 more than the horse. What was the price 
of each ? 

2. A and B have together $250; but B has $75 more 
than A. How much has each ? 

3. A certain school contains 150 pupils. There are 30 
females more than males. How many are there of each ? 

4. A house is supplied with water from a fountain by 
two pipes, one of which furnishes 20 gallons an hour more 
than the other. They both together furnish 50 gallons an 
hour. How much is furnished by each ? 

From these examples it will be seen that questions may 
be virtually the same, and be comprised in the same solu- 
tion, though differing in the language in which they are 
expressed. 

S4« We proceed to the solution of some additional 
questions. 

1. Two travellers set out, at the same time, from two 
places, A and B, which are 50 miles apart, and travel the 
direct road toward each other, until they meet. The one 
from A travels at the rate of 5 miles an hour, the one from 
B at the rate of 3 miles an hour. In how many hours will 
they meet ? 

To resolve this question generally, we suppose that the 
two towns are a given number of miles apart, which we will 
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i'epresent by a; that the traveller from A goes a certain 
aumber of miles an hour, which we will represent by b, and 
the one from B a certain number of miles an hour, which 
«re will represent by c. Let a; = the number of hours in 
which they will meet ; then 

bx-^-cx^sza; 

whence z = -=—. — . 

b -^ c 

Translating this formula, we have the following rule by 
which to find the number of hours in which the travellers 
will meet, viz. : Divide the number of miles the towns are 
apart by the sum of the number of miles the travellers each 
travel an hour. 

By the rule we obtain 6^ hours for the answer to the 
question proposed. 

Ex. 1. Suppose the distance is 375 miles, and that the 
travellers proceed at the rate of 7 and 9 miles, respectively ; 
when will they meet ? 

Ex. 2. Suppose the distance is 543 miles, and the rates 
Jlre 11 and 13 miles, respectively; when will the travellers 
meet? 

2. A traveller sets out from a certain place, and travels 
at the rate of 5 miles an hour ; 8 hours later, another trav- 
eller sets out from the same place, and travels at the rate of 
9 miles an hour. In how many hours will the second trav- 
eller overtake the first ? 

To solve the question generally, let a represent the num- 
ber of hours the first traveller has the start of the second, 
and let b and c be the rates at which they travel, respect- 
ively. Putting X for the time required, we obtain 

ab 

b^:rc 
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Translating the formula, we have the following rule, by 
which to find the time required, viz. : Multiply the numbet 
of hours the first traveller precedes the other by his rcUe^ and 
divide by the difference oftlie rates. 

By the rule, we obtain 10 hours for the answer to the 
particular question proposed. 

Ex. Suppose the first traveller sets out 12 hours before 
the other, and goes at the rate of 11 miles an hour; when 
will the second overtake him, travelling at the rate of 13 
miles an hour ? 

3. A man purchased an equal number of pounds of coffee, 
sugar and tea, for which he paid 82.59. For the coffee he 
paid 9, for the sugar 8, and for the tea 20 cents per pound ; 
how many pounds of each. did he purchase? 

To solve the question generally, let d represent the num- 
ber of cents paid for the whole, and let the price per pound 
of the coffee, sugar and tea, be represented by a, ^, and c, 
respectively. Putting x for the number of pounds of each, 

we obtam x = — , , , — . 

a-f- b -f-c 

Translating this formula, we have, for the rule. Divide the 
price of the whole by the sum of the prices of a pound of each 
tort; the quotient tvHl be the rmmber of pounds of each sort. 

In the particular case stated, the man purchased 7 pounds 
of each. 

Ex. 1. Suppose the price of the whole $7.05 ; the coffee 
12, the sugar 10, and the tea 25 cents a pound ; how many 
pounds were there of each ? 

Ex. 2. Suppose the price of the whole $6.30 ; the coffee 
17, the sugar 13, and the tea 33 cents a pound ; how many 
pounds were there of each ? 

4. 50 persons, male and female, dine at a tavern it d 

10* 
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joint expense of $17. Each man pays 40 cents, and each 
woman 30 cents. How many men and women were there 1 

Let a represent the whole number of persons, d the joint 
expense, h what the men, c what the women paid each. 
Putting X for the number of men, we obtain 

d — ac 
h — c * 

Rule. To find the number of men, From the joint ex- 
pense subtract the prodtcct of the whole number of persons by 
what the tvomen paid each, and divide the remainder by the 
difference betw€e7i what the men and uoomen each paid. 

What will be the separate formula by which to find the 
number of women, and what will be the rule derived from 
this formula ? 

5. Find a number such that the sum of the quotients 
of this number by the numbers m and w, respecitvely, may 
be a. 

Putting X for the number, we obtam 

mna 

ar = -. — . 

m-f-n 

Rule. Multiply the sum of the quotients by the product 
of the divisors of the nufnber, and divide the product which 
results by the sum of the divisors, 

Ex. 1. What is the number when the sum of the quo- 
tients is 30, and the divisors are 7 and 3, respectively ? 

Ex. 2. What is the number when the sum of the quo- 
tients is 39, and the divisors are 8 and 5, respectively ? 

6. A gentleman, wishing to distribute the money he had 
in his purse among some poor persons, found that if he gave 
them a pence apiece, he would not have enough by d pence ; 
but if he gave them b pence apiece, he would have c pence 
left. How many persons were there ? 
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1 ntting X for the number, we obtain 
c + d 

^ = — J.' 
a — o 

What is the rule derived from this formula ; and what 

will be the number of persons, if when he tried 7 pence he 

had not enough by 15 pence, and when he tried 4 pence he 

had 9 pence over ? 

7. The fore-wheel of a carriage is a feet and the hind- 
wheel b feet in circumference ; what wiU be the distance 
passed over, when the fore-wheel has made n revolutions 
more than the hind-wheel ? 

Putting z for the number of revolutions of the hind-wheel, 

. . an 

we obtam x :=: r ; 

— a 

multiplying this by b, we obtain, for the distance sought, 

abn 

What is the rule from this formula ? and what will be the 
distance, when the hind-wheel is 7 feet and the fore-wheel 
is 5 feet in circumference, and the fore-wheel has made 50 
more revolutions than the hind-wheel ? 

8. Two men engage to perform a certain piece of work ; 
the first can do it alone in a days, and the second in b days. 
How long would it take both, working together, to do it ? 

The first can do -th part of it in one day ; the second 
^th part. Putting x for the number of days, we have 

a^ b—^' 
whence x ^ — ; — r. 
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Rule. Divide the, prodtict of the numbers expressing the 
times in which each could perform the toork alone by the sum 
of these numbers. 

Ex. 1. If A oan perform a certain piece of work in 7 
days, and B can perform the same work in 5 days, how long 
will it take both together to perform it ? 

Ex. 2. A cistern is supplied with two pipes; the first 
will fill it in nine days, the second in 11 days; how long 
will it take both together to fill it ? 

This last question can be solved by the same formula with 
the preceding. Why is it so ? 

9. Divide the number a into two such parts that the first 
shall be to the second as m to 7i. 

. 7na . na 

Ans. ; — , and • 



m -j- n m -}- n 

What is the rule from these formulas, and what will the 

parts be, 1®, when the given number is 75, and the required 

parts are as 3 to 2 ? 2**, when the given number is 63, and 

the required parts are as 7 to 5 ? 

10. The sum of two numbers is a, and one is m times as 

large as the other. What are the numbers ? 

. a , ma 

Ans. r—Tf and 



m -f- 1' wi -j- r 

What is the rule from these formulas? and what are 
some particular cases of the problem, and the answers to 
them by the rule ? 

11. A father is a years old, his son b years old. In how 
many years will the father be n times as old as his son ? 

Let X = the number of years ; then x = r-. 

•^ n — 1 

Ex. 1. The father is 70, the son 20 years old. In how 

many years will the father be three times as old as his son ? 
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Ex. 2. The father is 45, the son 15 years old. In how 
many years will the father be four times as old as his son ? 

Explain the negative answer in this case, and prepare the 
formula for the question as corrected by it. 

12. Divide the number a into two such parts that their 
product shall be to the square of the greater part as m to n, 
' Let z be the greater part ; then the equation of the ques* 
tion will hen {ax — a^) zssma^, or, dividing both members 
by X, n {a — a:) = m x, 

A mi ^ ^ . a 971 

Ans. The parts are — -p — , and - 



Ex. 1. What are the parts when the number is 54, and 
the required proportion is as 2 to 7 ? 

Ex. 2, What are the parts when the number is 24, and 
the required proportion as 3 to 5 ? 

13. If a be added to the first of two numbers, it becomes 
m times as great as the second ; but if 5 be added to the 
second of the numbers, it becomes n times as great as the 
first. What are the numbers ? 

Let X and y represent the numbers ; then, by the question, 
X -{- a==myf and y -\' b = nx; 
whence x — my = — a (1) 
nx — ys=zb. (2) 

Multiplying the second equation by m, and subtracting the 

first from the second, 

mnx — X = mb -^ a ; 

, mb -}- a na + b 

whence x = ^, y = ~r. 

mn — 1 mn — 1 

Ex. 1. What are the numbers when a = 9, 3 = 7, tw =5 
3,w = 2? 

Ex. 2. What are the numbers when a = 25, ^ = 8, 9n sai 
7,w = 4? 
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14 If a be subtracted from the first of two numbers, it is 

then one^mth part of the second ; but if 3 be subtracted from 

the second of the numbers, it is then one-nth of the first. 

What are the numbers ? 

. mna -\-nb .mnb A- ma 

Ans. ' - , and ' — = — . 

m n — 1 TJin — 1 

Ex. 1. What are the numbers when a == 10, & = 5, 
m = 3, n = 2 ? 

Ex. 2. What are the numbers when a = 12, 3 = 6, 
m = 5, n = 3 ? 

S8. Required a general statement and solution of the 
following questions : 

1. A gentleman divided $540 among three poor persons; 
to the second he gave twice as much as to the first, and to 
the third three times as much as to the second. What did 
he give to each ? 

2. A prize of S1500 is to be shared among three persons 
in the followmg manner : B is to have $250 more than A, 
and C $145 more than B. What is the share of each ? 

3. A father, dying, left $25000 to be divided between 
his wife, son and daughter ; the son has $1000 more than 
twice as much as the daughter, and the wife $500 more 
than three times as much as the son. What was the share 
of each ? 

4. A person borrowed as much money as he had in his 
purse, and then spent 16 shillings ; again he borrowed as 
much as he had left in his purse, after which he spent 16 
shillings ; he borrowed and spent in the same manner a third 
and fourth time ; after the fourth expenditure, he had noth- 
ing left. How much money had he at first ? 

5. There are two numbers such that if one-fifth of the 
second be added to the first, the sum will be 40 ; and if one- 
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sixth of the first be added to the second, the sum will be 55. 
Required the numbers. 

6. What fraction is that to the numerator of which if 2 be 
added, the value of the fraction will become ^ ; but if 2 be 
added to the denominator, the value of the fraction will he^l 

SS. We have now seen the aid derived from the alge- 
braic language in the solution of particular questions, and 
also in the solution of questions in a general manner. We 
derive similar aid from this language in all investigations 
which relate to the nature and properties of numbers, or the 
quantities represented by them. 

Let it be required, for example, to ascertain what efiect 
will be produced upon the value of a fraction, if the same 
quantity be added to both the numerator and denominator. 

To take a particular case, let us add 6 to the numerator 

7 
and denominator of — ; the two fractions will then be 

7 .13 
12''^°'^ 18- 
If we now reduce these fractions to a common denomi- 

nator, they become ^^, and ^j^. 

The numerator of the second fraction is evidently greater 
than the numerator of the first, while the denominators are 
the same. The proposed fraction is^ therefore, increased by 
the addition of 6 to its numerator and denominator. But it 
does not follow that what has been shown to be the efiect in 
this particular case will be equally so in respect to all other 
fractions. In order to make the proposition general, we 
must employ, in the investigation, signs which will represent 
any fraction whatever, and any number whatever that may 
be added to its tenns. Let a and i be the numerator and 
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deDonunatory respectively, of the finctioD, and m the qoanti' ; 
to be added; the two finactioos will then be 
a , a + «i 

V'^'^h + lk- 

Beducing to a common denominator, they become 

Comparing the numeiators of these fractions, the part a h 
it IS evident, is the same in both, while the part hmm th« 
second is greater than the part a m in the first, since, from 
the nature of the fraction, h is greater than a. 

We now see that what we found to be true in respect to 
the particular firaction ^ is tme in respect to any other 
fraction, and that, generally. 

If the same quoTiiity he added to both terms of a fraction^ 
the value of the fraction unU, be increased. 

It is assumed, in this investigation, that the fraction is 
proper, — that is, that the numerator is less than the denomi- 
nator ; otherwise, the result will be reversed. 

Let the learner now show what will be the efiect, if the 
same quantity is subtracted from both terms of a fraction. 

2. Let it be proposed next to ascertain the manner in 
which the parts of a quantity, consisting of two parts, are 
employed in forming the square of this quantity. 

For this purpose, let a represent one of the parts and b the 
other; then we have 

(a + i)» = a' + 2a3 + ^. 

From which we learn, that if a quantity consists of two 
parts, the square of this quantity will be equal to the square 
of the first part, plus tvnce the first part by the second, plus 
the square of the second, 

3. Let it next be proposed to determine the relation of 
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Che product of the sum and difference of t.vo quantities to 
these quantities themselves. For this purpose, let a be ope 
of the quantities and h the other ; then 

{a + b)(a — b) = a^ — b\ 

We thus learn that the product of the sum and difference 
of two quantities is equal to the difference of their squares. 

These propositions are demonstrated, in Geometry, in 
another form, where it is shown, 1^, That if a line is com- 
posed of two parts, the square described upon the whole line 
is equal to the sum of the squares described upon the parts, 
plus twice the rectangle contained by the parts. 2^, That 
the rectangle contained between the sum and difierence of 
two lines is equal to the difierence of their squares. 

Further illustrations of this kind will occur as we proceed 
The learner will now, however, see distinctly the nature of 
Algebra. It is a language, the object of which is to express 
concisely the various processes of reasoning required in 
mathematical investigations, and the results or conclusions 
to which these investigations lead. 



SECTION IX.— EuLEs or ARrrHMExic. 

S7. By solving a question in a general manner, we 
obtain, as we have seen, a rule, by which we are enabled, 
not merely to find the answer to the proposed question, but 
to all others which difier from it only in the particular 
numbers which are given. 

Every formula furnishes, by translation into common 
language, a rule. We may obtain, therefore, as many dis- 
tinct rules as there are different problems to be solved. The 
11 
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rule being once obtained, the mere arithmetician may easily 
solve any question comprehended under it. He has merely 
to follow the directions of the rule. To investigate the rule 
is the work of the algebraist. In his hands alone is the 
instrument by which it is discovered. 

We proceed to some additional illustrations of the aid 
derived from Algebra in determining general rules, by investi- 
gating a few of the more important practical rules usually 
found in treatises on Arithmetic. 



RATIO AND PROPORTION. 

S8. There are two ways in which magnitudes, or the 
numbers which represent them, may be compared. 

1®. We may wish to ascertain how much the greater of 
the two exceeds the less. In this case, we subtract the less 
from the greater, and the result is called their ratio by dif- 
ference. Comparing, for example, the numbers 8 and 5, 
their ratio by difference is 8 — 5, or 3. In like manner, 
the ratio by difference of the quantities a and b will Ije 
a — bf 01 b — a, according as the . one or the other is the 
greater. 

2**. We may wish to ascertain how often one magnitude 

is contained in the other. In this case, we divide the one 

by the other, and the result is called their ratio by qicotient. 

Take, for example, the numbers 18 and 6 ; comparing the 

18 
18 with the 6, the ratio will be -^ = 3 ; comparing 6 with 

fi 1 

18, the ratio will be tr^ = 5. In like manner, the ratio by 
10 o 

quotient of a to * is y» and of 3 to a, -. 
o a 
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The ratio by difference is sometimes called arithmetical 
ratio, and that by quotient geometrical ratio. To these lattei 
designations, which are not significant, the former are to be 
preferred. 

The two magnitudes or numbers which constitute a ratio 
are called the terms of the ratio. The term first written ia 
called the antecedeTit, and the other the cansequeTU, 

S9m When two ratios by difference are equal, the fooi 
magnitudes or numbers which constitute them are called an 
eguidiffererice. They are so called because they are the expres« 
sion of two equal difierences. Let there be the four numbers 
13, 7, 18, 12. The difference between 13 and 7 is 6, and 
the difference between 18 and 12 is also 6. These four 
numbers are said, therefore, to form an equidifierence, which 
is written thus : 

13 . 7 : 18 . 12, 
and is read thus : 13 is to 7 as 18 is to 12. This equidif- 
ference may also be written thus : 

13 — 7 = 18 — 12. 

In like manner, if the four quantities a, 3, c, d are suck 
that the difference between the first and second is equal 
to the difference between the third and fourth, these quanti- 
ties form an equidifference, which is written thus : 

a,blc,d; 
or thus : a — b = c — d. 

When two ratios by quotient are equal, the four quantitiefr 
or numbers which constitute them may, from this circum- 
stance, be called an equi-quotient. They are usually, how- 
ever, called a proportion. Let there be, for example, the four 
numbers 18, 6, 15, 5. The ratio of 18 to 6, or 18 divided 
by 6, is 3 ; so also, the ratio of 15 to 5 is 3. These num 
bers, therefore, form a proportion, which is written thus : 
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18 : 6 : : 15 : 5 ; 

. 18 15 

or thus: _. = _; 

and is read, 18 is to 6 as 15 is to 5. 

In like manner, if the four quantities a, b^ c, d are such 
that the ratio between the first and second is the same as 
the ratio between the third and fourth, these quantities form 
a proportion, and we have 

a:b::c:d, 

a c 

i = 5- 

The first and last terms of an equidifierence, or of a pro- 
portion, are called the extremes, and the second and third the 
means of the equidifierence or the proportion. 

PROPERTIES OF EQUIDIFFERENCES. 

60. Let there be the equidifierence a . b I c . d, or 
otherwise, a — b t=c — d. 

If we now transpose the terms b and ef, we shall have the 
equation a -j- rf = c -f- ^. 

From which we learn that in an equidifierence the sum 
of the extremes is equal to the sum of the mearts. This is the 
fundamental property of equidifierences. 

Conversely, if four quantities, a, 3, c, ef, are such that the 
sum of any two of them is equal to the sum of the other 
two, these quantities will form an equidifierence. Thus let 
tf -j- ef = c -|- ^. Transposing the d and b, the equation 
becomes a — b = c — d, 

or a .b \ c . d. 

From the equidifierence a~^b = c — d,^e derive 

b =ia'\' d — c. 
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If, then, three terms of an equidifierence are given, we 
may find the fourth, if it be one of the extremes, by the 
following rule: From the sum of the means subtract the 
given extreme ; the remainder vdU be the required extreme. 

If the required part be one of the means, it will be found 
by the following rule : From the sum of the extremes subtract 
the given mean ; the remainder will be the required mean. 

It is sometimes the case that the two mean terms are the 
same ; thus a ,b \b . c. This is called a continued equi* 
difference. In this case, we have 

whence b = —-J—. 

Here b is called the mean between the quantities a and c. 
Thus, to find the mean of two quantities, we take one-half 
the sum of these quantities, 

Ex. 1. A sum of money is divided among four person* 
in such a manner that their shares form an equidifierence. 
The share of A is SI2, that of B S15, that of G S17. 
What is the share of D ? 

Ex. 2. The first, second and fourth terms of an equidif- 
ference are 23, 28 and 37, respectively. What is the third 
term? 

Ex. 3. What is the mean between 125 and 52 ? 

PROPERTIES OF PROPORTIONS. 

61. Resuming the general proportion al b lid d^oi 

a c 

b—d' 
we obtain ad=zbc. 

From this we learn that in a proportion the product of the 
extremes is equal to the prodtict of the means. 
11* 
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This is the fundAmental property of proportions. Any 
change may be made in the order in which the terms of a 
proportion are written, consistent with this fundamental 
property. Let there be, for example, the proportion 

36: 12:: 75: 25. 

From this we may deduce the following proportions : 

1**, by changing the extremes, 25 : 12 : : 75 : 36. 

2®, by changing the means, 36 : 75 : : 12 : 25. 

3^, by putting the means in the 
place of the extremes, 12 : 36 : : 25 : 75. 

In each of these, the ratio, it is evident, is different. The 
proportion is, however, preserved, since in all the changes 
the product of the extremes is equal to the product of the 
means. 

Conversely, let there be four quantities, a, i, c, d, such 
that we have ad = bc; 

dividing both sides by b d, we have 
a c 
b~t' 
whence alb lie I d. 

If, then, four quantities are such that the product of any 
two of them is equal to the product of the other two, these 
numbers will form a proportion, of which one of the products 
is the product of the extremes, and the other that of the 
means. 

It may sometimes occur that the two mean terms in a 
proportion are equal, as in the proportion 
al bllblc. 

This is called a continued proportion, and b is called a 
mean proportumal between a and c. 

From the continued proportion albiibld,we obtain 
b'' = ad. 
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Whence, in a continued proportion, the square of the mean 
is equal to the product of the extremes. To find, therefore, 
a mean proportional hetween two quantities, we take the 
square root of the product of these quantities, 

63» Resuming again the general proportion, 

a: b::c: rf,or- = 2, 

and adding unity to each side of this last, we obtain 
or, reducing to an improper fraction. 

which gives a'\'b:b::c-\'d:d. 

Comparing this with the original proportion, at blic I d^ 
we derive the following principle : In every proportion, the 
sum of the first and second terms is to the secomd as the sum 
of the third and fourth terms is to the fourth. 

By a process altogether similar, it may also be shown that 
in every proportion the differeifice between the first and 
second terms is to the second as the difference betvxen the 
third and fourth is to the fourth. 

The proportion a: b :: cl d «itums to a: ci: b I d; 
whence, from the first of the preceding properties, 

a-\-c : c :: b-^d : d. 
Comparing this with the proposed, we derive the following 
principle : In every proportion, the sum of the antecedents is 
to the sum of the consequents as any one antecedent is to its 
consequent. 

In like manner it may be shown that the difference of the 
antecedents is to the difference of the consequents as any one 
antecedent is to its consequent. 
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Let there be next a series of quantities, a, b, c, d^e, f^ g 
h», , forming, two and two, a series of equal ratios, so that 
we have 

aihiic:d::e :f::g:h... 

The two first ratios, viz., a: b ii c I d, give, from the 
principle last demonstrated, 

a-^-c: b -\-d ::c: d ; 
but c:d:: e: f; 

whence a -{- c : b -\- d t: e : f; 

applying to this last the same principle, we have 
a -^ c + e : b + d + f:: e : f; 
and thus in order, whatever the number of equal ratios. 
Therefore, in a series of equal ratios^ the sum of the ante' 
cedents is to the sum of the amsequents as any one antecedent 
is to its ciynseguent. 

Let us take next the two proportions 

a : i : : c : (f, and e : /: : 5^ : A; 

a c , e g 

If we now multiply these equations member by member, 
we obtain 

a^_cg^ 
bf~ dh' 
whence aeibfiicgldh. 

Comparing his with the proposed proportions, the result is 
the same as if we had multiplied these proportions term by 
term. This is called multiplying the proportions in order. 
Hence, if tico proportions are multiplied in order , the results 
will be proportional. 

It readily follows, from this principle, that if the terms of 
a proportion are raised each to the same power, the results 
will be proportional. Conversely, if the same roots are 
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talcen of each of the tenns of a proportion, the results will 
be in proportion. 

RULE OF THKEE. 

63. This name is given to a rale in Arithmetic, by 
which, when three numbers are given, a fourth is found 
from them. 

Thus, let there be the following question : 

1. If 5 yards of cloth cost 815, what will 7 yards of 
the same cloth cost ? 

Here there are three numbers given, viz., 5, 15 and 7, 
and it is required to obtain by means of these a fourth, viz., 
the price of the 7 yards. By analysis of the question, it is 
evident that if 5 yards cost $15, then 2, 3, 4 . . . times as 
as many yards will cost 2, 3, 4 . . . times as much. There 
is, therefore, manifestly a proportion between the numbers 
which denote the yards, on the one part, and the numbers 
which denote the prices, on the other. We have thus given 
three terms of a proportion, by which to find the fourth. 
Let X denote the fourth term sought. The proportion will 
stand thus : 

jd«. yds. $ $ 

5 : 7 : : 15 : x, 

and is read, 5 yards are to 7 yards as 15 dollars to x dol- 
lars. Deducing the value of a;, we have 

o 

Let a, 5, c, represent, generally, the three given terms, 
and X the required term of the proportion ; then 

a: ^::c:x; 
whence X = — . 
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The three given numbers in the question being properly 
arranged, they will form the first three terms of a propor 
tion ; whence, to find the fourth term, or answer, toe rrndtu 
ply together the second arid third terms, arid divide the prod' 
net by the first, 

Ex. 2. I^ 25 lbs. of sugar cost $6.50, what will 384 lbs. 
cost? 

Here, also, there is a necessary proportion between the 
number of pounds, on the one hand, and the prices, on the 
other ; and we shall have, therefore, 

llM. Ibt. $ 

25 : 384 : : 6.50 : to the answer. 
Applying the rule, we obtain for the answer, $99.84. 

Ex. 3. If 45 men build 280 feet of wall in a day, how 
many feet will 75 men build in the same time ? 

From the question we have, evidently, the following pro- 
portion : 

men. men. feet. 

45 : 75 : : 280 : to the answer; 
whence, by the rule, we obtain 466^ feet for the answer. 

Before applying the rule, the proportions may be simpli- 
fied by striking out, where it can be done, common factors 
from the terms. 

Thus, in the second question, the two antecedents have 
a common factor, 25 ; and in the third question, the first 
antecedent and its consequent have a common factor, 15, 
which may be struck out ; by which, in each case, as it is 
easy to see, the final calculations will be rendered more sim- 
ple. 

In general, questions depending upon the Rule of Three 
contain in their enunciation four numbers, two of which are 
of a certain kind, and two others of a different kind, of which 
the required quantity or answer is one. 
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Thus, in the first question above, two of the numbers ex« 
press yards, while the other two express the prices of these 
yards. In the last question, two of the numbers denote 
men, while the other two denote the amount of labor which 
the two sets of men are able to perform, respectively. In 
these two cases, it is evident that, as the number of yards 
is increased, the prices are increased, and at the same rate ; 
and as the number of men is increased, the amount of labor 
is increased, and in the same proportion. The proportion 
between the four terms is, therefore, said to be direct. 

In general, a proportion is said to be direct when the first 
two terms, being of the same kind, and the last two, being 
also of the same kind, increase or diminish at the same rate. 

Ex. 4. If 135 men can perform a certain piece of work in 
20 days, how long will it take 540 men to do the same work ? 

In this case, it is evident that the greater the number of 
men, the less will be the time required, and in the same 
proportion. Putting z for the answer, the proportion wiU 
stand thus : 

men. men. days. days. 

135:540::a::20. 

Here the terms of the last ratio are inverted ; whence the 
proportion is said to be inverse. In general, a proportion is 
said to be inverse, when, as the two terms of the first kind 
increase, the two of the second decrease, and the converse. 

Inverting the order of the terms, so that x may become 
the fourth term, we have 

540: 135::20:a:. 
Applying the rule, we obtain :r a= 5. Whence the answer 
will be 5 days. 

We have, therefore, the following rule for the statement 
and solution of all questions of the kind we are here consid- 
ering, viz. : 
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P. Place the Toimher which is of the same kindjmth\h€ 
answer sought as the third term of a proportion^ and then 
consider i from the nature of the question^ whether the answer 
should be greater or less than this term, 

2°. If the answer should he greater ^ write the less of the 
two remaining numbers as the first term, and the other as 
the second term^ of the proportion ; but if the ansufer is less 
than this third term^ then write the greater of the two rc- 
maining numbers as the first term, and the other as the sec* 
ond term, of the proportion. 

3^. Multiply the second and third terms together, and dU 
mde the product by the first term ; the quotient will be the 
answer. 

Such is the Ride of Three, as it is usually given in Arith- 
metic. We subjoin a few additional examples. 

Ex. 1. If 750 men require 22500 rations of bread for a 
month, how many rations will a garrison of 1200 men 
require? Ans. 36000. 

Ex. 2. If 225 bushels of corn cost $125, what will 375 
bushels cost, at the same rate ? Ans. $208^. 

Ex. 3. A garrison of 800 men is provisioned for 90 days. 
How many days will the provision last, if it receive a rein- 
forcement of 300 men ? Ans. 65^ days. 

Ex. 4. K 6 men can dig a certain ditch in 40 days, how 
many days would 30 men be employed in digging it ? 

Ans. 8 days. 

Ex. 5. The weights of a lever have the same ratio as the 
lengths of the opposite arms. The ratio of the weights is 
5, that is, they are to each other as 1 to 5, and the longer 
arm is 10 inches. What is the length of the shorter arm ? 

Ans. 2 inches. 

Ex. 6. The weights of a lever are 6 and 8 pounds, and 
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the length of the shorter arm is 18 inches. What is the 
length of the longer arm ? Ans. 24 inches. 

Ex. 7. The force of gravitation is inyersely as the square 
of the distance. At the distance 1 from the centie of the 
earth, this force is expressed by the number 32.16. By 
what number is it expressed at the distance 60 ? 

Ans. 0.0089. 

2. Questions sometimes occur involving more than one 
proportion, as the following : 

If 16 men build 18 feet of wall in 12 days, how many 
men, working at the same rate, must be employed to build 
72 feet in 8 days ? 

To simplify the question, let it be supposed that the num- 
ber of men employed is the same in each case ; then the 
question will be, 

If a certain number- of men build 18 feet of wall in 12 
days, how long will it take them to build 72 feet ? which 
gives, putting x for the number of days, 

feeU feet. day*, daja. 

(1) 18 : 72 : : 12 : x. 

Regarding x as determined, the question will then be, 
If 16 men can build 72 feet of wall in x days, how many 
men will it take to build the same number of feet in 8 days 
which, putting y for the number of men, gives 

dayi. daye. men. men. 

(2) 8:x::ie:y. 

Multiplying next these two proportions in order, we have 
(3) 18 X 8 : 72 X « : : 12 X 16 : xy; 
or, striking out the common factor, x, from the two conse> 
quents, ^^^ 18 X 8 : 72 : : 12 X 16 : y; 
whence y = ^A>gi2pl^^Xl2x2:=^96. 
12 



134 

Intiodiiciiig in die pn^Mxrdons the simplifications already 
explained, the work will stand thus : 

(1) l.4::i2:x 

(2) l.x:: 2:y 
(B)l:^Xx::i2x2:xy 
(4) I:4::i2x2:y. 

y = 4xl2x2 = 96. 

We may easily deduce a rule for questions of this kind 
such as is usually given in Arithmetic under what is termed 
OMtfttmd Proportion, The rule, hbwever, is unnecessary, 
«s adi qoestioDS of the kind can be solved by means of two 
«t aunf SKoiple proportions. 

Lt dbbe present question, the value of x obtained from the 
£bs« pKpctRMHi b 4S,?rtiich, substituted in the second, gives 

*(«•. Atn. ma. men. 

8:48::l6:y, 
^ 1: 6::l6:y; 

>ft*witor y ^ 96. 

rV >(«?«ti>Mi is salTed, therefore, by means of two simple 
^■>^^n— cvrc«» ^t ccctccraitr to the Rule of Three already 

AVI .•VV. 

r*iv v^ v*«»-'ir ^xiirrrefs will serve as an exercise for the 
\\» "-Tv^ ^ oiVT^crts? oc ;h55 kind. 

¥\ t * ^-* 'n^ftt ««iTe SI yards of cloth in 6 days, how 
ttvM'* ii*^^ * X t^ cs«t »ke to vnve 100 yards? 

Ans. ll^f days. 
¥\ ^v V ^> ^f^'^s^rsfts cvttstsaie 900 boshels of com in one 
x^*-: K"^ ttjjc^t »♦ ., i;j^ j^osMis ooosome in 7 years, at the 
i^iiv ^v " Ass» 11676 bushels. 

V\ ^ X * *^Jtt r*cvi? :J1T 3:drfs ia 7 <kys, tiaveUing 6 
Kv^^ H vH* . V« wtr w«ui ^ tRTd in 9 days, if he 
rf^t^v^ vv t : K>fc:5!? « AiT ^ AlB. 511J miles. 
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Ex. 4. If 10 men dig 8 acres in 6 days, working 8 hours 
a day, how many men will he ahle to dig 7 acres in 3 days^ 
working 10 hours a day ? Ans. 14 men. 

BARTER. 

041. How much sugar, at 10 cents a pound, must he 
given for 58 gallons of wine, at 75 cents a gallon ? 

Let X = the quantity ; then, hy the question, 
10 a: :^ 58 X 75; 
whence x = 435. Ans. 435 lbs. 

The question may be stated generally thus : 

How much of one commodity, at a given price, will be 
required in exchange for another commodity, at another 
given price ? 

Let a be the quantity of the given commodity, and b its 
price; x the required amount of the commodity to be given 
in exchange, and c its price ; then 
cx = ab; 

whence x = — . 

c 

From which we have the following rule for Barter: 
Multiply the given quantity by its price, arid divide the 
product by the price of the quantity required. 

Ex. 1. A farmer has corn at 5^. a bushel ; how much 
must he give of this for 25 bushels of wheat at 9^. a bushel ? 

Ans. 45 bushels. 

Ex. 2. A dealer in fruit wishes to exchange apples worth 
$2.25 a barrel for pears worth $7.50 a barrel. How many 
bushels of apples must he give for 25 of pears ? 

Ans. 83^ bushels. 
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Ex. 3. How many pounds of lead, at 9 cents per pound 
must be given for 783 lbs. of iron, at 6 cents per pound ? 

Ans. 522 lbs. 
Ex. 4. A has broadcloth at 16^. 6d. per yard. B haa 
linen at 1^. 4d, per yard. How many yards of broadcloth 
must be given in exchange for 660 yards of linen ?- 

Ans. 53^ yds. 

FELLOWSHIP. 

6S. The rule of Fellowship teaches how to divide among 
several persons, connected together in business, the gain oi 
loss which results from their connection. 

Three men, A, B and C, purchase in company a certain 
quantity of merchandise, amounting to $250, of which A 
pays 850, B $75, and C $125. They gain by the purchase 
$120. What is each man's share of the gain ? 

Let X = A's share ; then, since each man's share of the 
gain should be in proportion to the amount contributed by 
him towards the purchase, we shall have 

-— - = B's share, and -^ = C's share ; 
50 oU 

. , 75a: ,125^ ,-^ 

whence :, + _+-^=120. 

Resolving the equation, we obtain x = $24 = A*s share ; 

whence B's share will be $36, and C's $60. 

The question may be stated in a general manner thus : 
Three men. A, B and C, trade together, and furnish 

money in proportion to the numbers m, n and p, respectively. 

They gain a certain sum, a. What is each man's share of 

the gain ? 

Since each man's share of the gain should be in propor 

don to the sum contributed by him to the common stock, w« 
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shall have, patting z, y and z, for the shares of each respect^ 
ively, the following equal ratios : 

ximiiylniizlp; 
whence, taking the sum of the antecedents and that of the 
consequents, 

z-^y -{- zlm-^n-^puxlm 
: ly'n 
:: zip; 

but a?-|~y + ^ = ®/ 

whence, by substitution, aim-^-n-^piizlm; 

wherefore {m '\- n '\~ p) z = m a^ 

and z = i i — = A's share. 

Likewise y = ; ; — s= B's share, 

and z = — p^ — I — = C's share. 

m -|- n -j-^ 

We have, therefore, the following rule, by which to find 
each man's share of the gain. Multiply the whole gam by 
each man*s proportion of the stock, arid divide by the sum of 
the proportions. 

The process by which the rule is obtained, it is evident, 
will be the same, whatever the number of persons engaged 
in company. The rule is therefore general. 

The following examples will serve as an exercise for the 
learner : 

Ex. 1. Four persons. A, B, C, D, trade in company, and 
make a clear gain of $1250. A put in $750, B $1450, G 
$1575, and D $2100. What is each man's share of the 
gain? 
Ans. A's $159.57, B's $308.51, C's $335.10, D's $446.80. 

Ex. 2. A, B and G, trade in company. A's stock is $240 
12* 
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B*s S360, and C's S600. They gain $325. What is each 
man's share of the gain ? 

Ans. A's 865, B's $97.50, and C»s $162.50. 

Ex. 3. A man, dying, leaves property to the amount of 
$3000. A has a note of $600 against the estate, B has a 
note of $1800, and C a note of $1600. How much must 
each lose ? Ans. A $150, B $450, and C $400. 

66. In the preceding examples, each man's stock has 
been employed for the same time. This is called Single 
Fellowship. But the times may also be different for which 
the stock of each man is employed in trade. This is called 
Double Fellowship, 

Let us now make a rule for Double Fellowship. Before 
proceeding to this, we remark that when we have occasion 
to represent several things of a kind, it is convenient to 
represent each by the same letter, and to distinguish between 
them by means of accents applied to this letter. Suppose, 
for example, that we wish to indicate different periods of 
time ; denoting the first by t, the second may be denoted by 
f, the third by t", and so on. 

The question for Double Fellowship may be stated, in 
general terms, thus : 

A number of persons. A, B, C, enter into partnership. 
They advance sums denoted hypjjffj/'j which they continue 
in trade for times denoted by t, t\ t\ respectively. They 
gain a sum, a. What is each man's share of the gain ? 

The letters p^ y , ;/', denote sums referred to the same 
unit, as dollars, pounds, &c. ; and the letters ^, f , t\ denote 
periods of time referred to the same unit, as days, months, 
years, &c. 

It is evident that each man's share of the gain should 
depend, 1°, upon his proportion of the stock \ 2?^ upon the 
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tune during which his stock is employed in trade. The 
shares will be, therefore, as the stock multiplied hy the time, 
or in the compound ratio of both. 

Let Xy afj af'j represent the shares of the persons, respect* 
ively, in the gain ; then 

z : pt :: x' : p' t\:: x'' : jf' r ; 

whence a;-f i^ -^ of' : pt -{' jf f -^ jf' f : : x : pt 

::x':jff 

X\x"\ft'; 
whence, by substitution, ^., 

{:pt^-p't' -^p^nx^apt 
apt 

f^—pt^j/f+j/'f 

To find, therefore, a share of the gain, 1^, Multiply each 
marCs stock by the time it is in trade, arid consider the prod- 
uct as his share of the joint stock, 2°, Multiply each mavUs 
share in the joint stock by the whoie gain, and divide by the 
sum of the joint stocks. 

The formula for x in this case returns, it is evident, to 
that for Single Fellowship, if we suppose t\ f each equal 
to t. The formula for the latter is, therefore, comprehended 
in this. 

Ex. 1. Three men trade in company. A put in $4000 
for 12 months, B put in S3000 for 15 months, and C put in 
S5000 for 6 months. The whole gain was $615. What 
were their respective shares ? 

Ans. A's $240, B's $225, G's $150. 

Ex. 2. Two men trade in company. One puts in $1000 
for 18 months, the other $1200 for 6 months. They gain 
$400. What is each man's share of the gain ? 

Ans. A's $285.72, B's $114.28. 

Ex. -3. Four men trade in company. A puts in $900 
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for 6 months, B 81200 for 9 months, G $1500 for 3 months^ 
D $1800 for 12 months. They gain $850. What is each 
man's share of the gain ? 
Ans. A's $108.51, B's $217.02, G's $90.42, D's $43404 

INTEBEST. 

67« Interest is the sum paid for the use of money. It is 
usually reckoned at so much per cent., that is, at so much 
upon 100, whatever the denomination of money employed. 
Thus, if $6 are paid for the use of $100 for a year, the 
interest is said to he 6 per cent a year. 

The sum loaned is called the principal; the principal and 
interest added together is called the amount. 

The interest of 1, as $1, £1, ^., for a year, is called the 
rate. Thus, at 6 per cent., the rate will he .06 ; at 5 per 
cent., it will he .05. 

Interest depends, it is evident, upon the rate, and also 
upon the time. To find the interest, therefore, we multiply 
the principal by the product of the rate by the time. When 
interest is paid upon the principal only, it is called simpU 
interest. 

The following general question will comprehend the 
different questions respecting interest : 

1. What sum of money must be put at interest at a given 
rate, in order to amount to a given sum in a given time ? 

Let p ss the principal, or sum put at interest, 
r = the rate, 
a =5 the given amount, 
t = the given time. 

Then, by the question, ji -j- f rp = a, 
or (i'^tr)p=a; 
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ivhence p :=. -= — ?—:— . 

We have, therefore, the following rule by which to find 
the principal, viz. : Multiply the rate by the time^ and add 
1 to the prodtict ; divide the amourU by the mm thus obtained^ 
aTid the quotient will be the principal, 

Ex. 1. A man lent a certain sum of money at 6 per cent. ; 
at the end of 5 years he received, for principal and interest, 
$292.50. What was the sum lent ? Ans. S225. 

Ex. 2. A man put at interest a certain sum for 4 years, 
at 7 per cent. At the end of the time, he received, for prin 
cipal and interest, S1216. What was the sum lent ? 

Ans. $950. 

Ex. 3. A merchant finds that he has gained 20 per cent, 
upon his capital, and that by this means it has increased to 
$1890. What was his capital ? Ans. $1575. 

The equation p'^trp=^a contains four different things, 
any one of which may be determined, when the others are 
known. 

2. Let it be required to determine for what time a given 
principal must be put at interest, in order to amount to a 
given sum at a given rate. From the equation 

P'\-trp = a, 
we deduce the value of t, which gives 

rp 
From which we derive the fq^owing rule ; From the amount 
subtract the principal^ and divide the remainder by the prod' 
uct of the rate multiplied by the principal. 

Ex. 1. A man put at interest $440 at 4 per cent. ; at the 
end of the time, he received, for principal and interest, 
$510.40. For what time was the money lent ? 

Ans. 4 years. 
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Ex. 2. A man put at interest $450.50 at 6 per cent. ; at 
the end of the time, he received, for principal and interest, 
$531.59. How long was his money lent ? 

Ans. 3 years. 

3. Let it be required next to determine at what rate a 
given principal must be put at interest, in order to amount 
to a given sum in a given time. 

From the equation p -^^ trp = ay deducing the value of 
r, we have 

^_ a—p 
tp • 
Whence, to find the rate : From the amount tee subtract 
the principal, and divide the remainder by the product of the 
time by the principal, 

Ex. 1. A gentleman puts out $125 for 8 years ; at the 
end of the time he received $155, for principal and interest. 
At what rate per cent, did he loan his money ? 

Ans. 3 per cent. 
Ex. 2. A man puts at interest $780 for 10 years ; at the 
end of the time he receives, for principal and interest, $1170. 
At what rate per cent, was his money put out ? 

Ans. 5 per cent. 

4. Let it next be required to determine how long a given 
sum must be kept at interest in order to be doubled, tripled, 
&c. 

Let k denote the number of times the principal is required 
to be repeated ; then, in the g^ral formula p-^trpsssa^ 
a, it is evident, must be equarto kp; whence, 

P'{'trp = 
or 1 4- * ^ = 

whence t = 
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The time, it is evident, is independent of the principal; 

that is, the time will be the same, whatever the sum put out 

Ex. 1. When will a principal be doubled, at 6 per cent. ? 

Ans. In 16f years. 
Ex. 2. When will a ^principal be tripled, at 5 per cent ? 

Ans. In 40 years. 

DISCOTJNT. 

68« Discount is an allowance made for the payment of 
money before it is due. 

The present vxjrth of a debt due some time hence is a sum 
that, put at interest, will amount to the debt when it becomes 
due. 

The discount is found by subtracting the present worth 
from the amount of the debt, or sum due. 

In the general formula for interest, if we regard a as the 
sum due, p its present worth, we have 

a 

What discount should be made for the present payment 
of a debt of $246.21, due 2 years and 8 months or 2f years 
hence, interest being reckoned at 6 per cent. ? 

By the formula we obtain for the present worth 8212.25. 
The discount is, therefore, $33.96. 

We may, however, make a rule by which to find the 
discount directly. In order to this, let (^ sss the discount ; 

then dvss^a — 

whence d =s 



1 + tr' 
tr a 



1 +tr 

To find the discount, therefore, Multiply the debt by the 
product of the time by the rate ; add unity next to the prod- 
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uct of the time by the rate ; the farmer quantity ^ divided by 
the latter, will be the discaimt. 

Ex. 1. What is the discount of $129.85 for one year, at 
6 per cent. ? Ans. $7.35. 

Ex. 2. How much ready money will purchase a note of 
$1719.04 due 6 years hence, discounting at 6 per cent. ? 

Ans. $1264. 

Ex. 3. Suppose 1 owe a note of $560, to be paid in 4 
years and 3 months, and wish, to pay it now ; what must be 
discounted for present payment? Ans. $113.78 . . . 

PEOGRESSIONS. 

69. When a series of numbers increases or decreases by 
a constant ratio, the series is called a progression. 

If the series increase or decrease by the addition or sub- 
traction of the same number, it is called an arithmetical 
progressiony or, progression hy difference. 

Thus the numbers 1, 4, 7, 10, form a progression by 
difierence. 

The number by which the successive terms of the series 
increase or decrease is called the common difference or ratio. 
Thus, in the series, 1, 4, 7, 10, the ratio is 3. 

The series is said to be increasing or decreasing according 
as its terms are formed by the successive addition or sub- 
traction of the ratio. 

Let a, 3, c, i, ... be the successive terms of a progression 
by diflference ; the progression is indicated thus : 
-^a.b.c.d.... 

2. If the series increase by a common multiplier, or 
decrease by a common divisor, it is called a geometrical 
progression, or, progression by quotient. 
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The number by which we multiply or divide is called the 
ratio. 

If we pass from one term to the next following by multi- 
plying by the ratio, the series is called an increasing progres 
sion ; if by dividing, it is called a decreasing progression. 

Thus, of the two following series, 

3, 9,27,81,243 
243,81,27, 9, 3, 
the first is an increasing, the second a decreasing progres- 
sion by quotient. In the first, we pass from one term to the 
next following by multiplying by 3 ; in the second, by divid- 
ing by 3, or, which is the same thing, by multiplying by J. 
In general, it will be most convenient to regard the ratio as 
a multiplier, either entire or fractional. If the progression 
is decreasing, the ratio will be a proper fraction, or less than 
unity. 

The ratio is found by dividing any term by that which 
immediately precedes it. In the first of the series above, the 
ratio is 3 ; in the second, it is ^. 

Let a,lf,c,d...he2L progression by quotient. The 
progression is indicated thus : 

-TTdlblcld: ... 

The first and last terms of a progression are called the 
extremes ; the intermediate ones, the means. 

PROPERTIES OF PROGRESSIONS BY DIFFERENCE. 

70* Let us take the increasing progression by difference 

-T-a.b.c.k.l... 
Let d be the common difference. Then, from the nature 
of the progression, we have 

a = a 
b = a + d 
13 
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k = a-\-3d 

Here the second term, it is evident, is equal to the first 
-f- the ratio, the third is equal to the first -f- ttvice the ratio, 
the fourth is equal to the first -|- three times the ratio, and 
BO on. And, in general, it will be seen, that any term of 
the series is equal to the first term -f- the ratio taken a num- 
ber of times less one than the number of the term in the 
series. 

Let L be any term of the series, and n the number which 
marks its place ; we shall have, if the series is increasing, 

L = a -^ {n — l)d; 
if decreasing, L=ia — {n — l)d. 

Thus, to find any term of the series : Multiply the ratio 
by one less than the number of the term, and if the series is 
increasing, add the product to the first term, or if the series 
is decreasing, subtract the product from the first term. 

Ex. 1. What is the 15th term of the decreasing progres- 
sion, in which the first term is 62 and the ratio 3 ? 

Ans. 20. 

Ex. 2. A man bought 50 yards of cloth, for which he was 
to pay 6 cents for the first yard, 9 cents for the second, and 
so on, increasing by the common difierence 3. How much 
did he pay for the last yard ? Ans. $1.53. 

Ex. 3. A man agrees to dig a well 50 feet deep for what 
the last foot would come to, supposing that he were to 
receive 75 cents for the first foot, $1.25 for the second, and 
BO on. What did he receive for digging the well ? 

Ans. $25.25. 

71, The expression for L contains four difierent things 



RULES OF ARITHMBTIC. 147 

viz., Ly Ojfi and d, any one of which may be found, when 
the other three are given. 

1. What is the formula for «, when the other things are 

given ? . L — a , , 
^ Ans. n = — 1- 1, 

Ex. 1. The extremes of a progression by difference are 2 
and 23, and the ratio is 3. What is the number of terms ? 

Ans. 8. 

Ex. 2. A man travelled from a certain place to Boston. 
He went 7 miles the first day and 52 the last, having 
increased each day the distance travelled by 5 miles. How 
many days was he on the road ? Ans. 10 days. 

2. Let the learner prepare the formula, and solve the 
following questions : 

Ex. 1. A man has 8 sons ; the youngest is 4 years old, 
and the eldest is 32, their ages increasing in arithmetical 
progression. What is the common difference of their ages ? 

Ans. 4 years. 

Ex. 2. A traveller is 13 days upon his journey. He 
travels 14 miles the first day and 50 the last, increasing the 
distance travelled each day by the same number of miles. 
What was the daily increase ? Ans. 3 miles. 

3. State the rules derived from the formulas in the 
preceding numbers. 

7SS, Let us resume the. general progression 

'T'(z,b,c,d,,..l. 
This returns to -r- a . {a -}- d) . {a + 2 d) I. Pat- 
ting S for the sum of all the terms, and writing the seriea 
under itself in an inverse order, we have 

S=:a+(a + d)-^(a + 2d) + 1 

S = Z + (Z — (?) + (Z — 2^ + a; 

adding both. 
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2S = (a4-Z) + (a-|-Z) + (a + Q + (a + Z): 

or, taking n terms, 2 S = » (a -|~ ^ > 

whence, S = ^ ^^ + ^l (1) ' 

To find, therefore, the sum of all the terms, when the 
extremes and the number of terms are given. Multiply the 
sum of the extremes by the number of terms^ and take one* 
half of the product, 

Ex. 1. In a progression by difierence, the first term is 
5, the last term 62, and the number of terms 20. What is 
the sum of the series ? Aws. 670. 

Ex. 2. How many strokes does the hammer of a clock 
strike in 12 hours ? Ans. 78. 

Ex. 3. If 100 eggs were placed in a right line, exactly 
one yard from each other, and the first one yard from a 
basket, what distance will a man travel who gathers them 
up singly and places them in the basket ? 

Ans. 5 miles, 1300 yds. 

Ex. 4. A student purchased a lot of books, amounting in 
all to 50. The prices were in arithmetical progression. For 
the lowest price he paid 25 cents, for the highest $1.70. 
How much did his books cost him ? Ans. $48.75. 

yS« The equation 2 S = « (a -f- Q contains four quan- 
tities, viz., iS, Uy a and Z, any one of which may be found 
when the other three are given. 

1. Let it be required to find a formula for n, the othei 
things being given; we have 

_ 28 
a-^-V 

Ex. 1. The first term of a progression by difierence is 3, 
the last term 41, and the sum of the series 440« What is 
Ihe number of terms ? Ams. 20. 
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Ex. 2. A farmer set oat 580 trees in his orchard, so that 
the successive rows formed a progression hy difference. In 
the first row he put 10, and in the last 48. How many 
rows were there ? Ans. 20. 

2. Let the learner prepare formulas for a and I, and solve 
the following examples : 

Ex. 1. The sum of a progression by difference is 670, 
the number of terms 20, and the last term 62. What is 
the first term ? Ans. 5. 

Ex. 2. A traveller who had been 25 days on the road, 
found that he had made 600 miles. The distances travelled 
each day were in arithmetical progression, and he had trav- 
elled the last day 44 miles. How many miles did he travel 
the first day ? Ans. 4 miles. 

Ex. 3. The sum of a progression by difference is 2385, 
the first term is 7, and the number of terms 20. What is 
the last term ? Ans. 231^. 

Ex. 4. A car runs down an inclined plane of 1500 feet 
in 40 seconds, its speed increasing each second in arithmet- 
ical progression. It ran 10 feet the first second. How 
many feet did it run the last ? Ans. 65 feet 

74* The formulas 

£ = a + (n — 1) rf, 5 = i n (a -f Z) 
comprehend all the cases which occur in arithmetical pro- 
gression. 

1. If 75 acres of land are sold at the rate of 15 cents for 
the first acre, 20 for the second, 25 for the third, and so on, 
what is the whole amount of the sale ? 

In this question we have given the first term, the number 

of terms, and the ratio to find the sum of all the terms. In 

order to this, from the formula for L we find first what 

the last acre cost, or the last term of the series. This is 

13* 
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385 cents. By means next of the formula for S, we ob- 
tain $150.00, the sum for which the whole 75 acres were 
sold. 

If we substitute for I in the second formula its value in 
the first, we have 

„ n[2a+{n — l)d] , n(n—l)d 
S = -t '-^ ^ = na + --^ , 

from which the value of S, or the answer required, is ob- 
tained directly from the data given in the question. 

Ex. 1. A man being anxious to purchase a horse, ofiers 
1 dollar for the first nail in his shoes, 4 for the second, and 
80 on, in arithmetical progression. Now, there being 8 
nails in each shoe, what will the horse cost him ? 

Ans. $1520. 

Ex. 2. A gentleman purchased 80 yards of cloth, giving 
6 cents for the first yard, 10 for the second, and so on, in 
arithmetical progression. What did the cloth cost him ? 

Ans. $131.20. 

Ex. 3. A car, descending an inclined plane, moves 5 feet 
the first second, 15 the second, 25 the third, and so on, in- 
creasing 10 feet every second. How far will it move in a 
minute ? Ans. 18000 feet, or 3^ miles. 

Ex. 4. A laborer agreed to dig a well 40 feet deep, for 
which he was to be paid as follows : 30 cents for the first 
foot, 50 for the second, and so on, increasing 20 cents for 
each subsequent foot. What did he receive for the whole 
job? Ans. $168.00. 

Ex. 5. The resistance of the air not being considered, a 
heavy body would fall, in the air, through a space of 16.1 
feet in the first second, 48.3 feet in the next, and so on, in- 
creasing 32.2 feet each succeeding second. Through how 
many feet would it fall in 10 seconds ? Ans. 1610. 

Ex. 6. A gentleman hires a servant, and promises him 
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for the first year only $30 in wages, but for each following 
year $4J more than for the preceding. The servant re- 
mained with him 17 years. iVhat was the whole amount 
of his wages? Ans. $1122. 

2. In a company, the conversation turning on domestic 
economy, a person said, " This year I have saved $78, and 
since I first entered into employment until now, I have 
saved of my salary each year $2 more than in the preced- 
ing." The person was in ofiice 25 years. What was the 
whole amount of his savings ? 

In this example we have given the last term, the number 
of terms, and the ratio, to find the sum of all the terms, or 
Z, n and dy to find S, 

To make a formula for this case, we eliminate a, which 
is not one of the given or required things, from the two 
equations, L = a -|- (n — 1) <Z, S c= J « (a -|- Z). Find- 
ing, for this purpose, the value of a in each, and equating 
the results, we have 

2S — wZ , - . , 

:= l — n a -f- tti 

n * 

an equation which contains the three given things, n, Z and 

d, and the required thing, S. Deducing the value of this 

last, we have for the formula required 

From which we obtain, for the answer to tho proposed 
question, $1350. 

Ex. 1. A person was condemned by the judge to pay a 
fine in 16 different installments, each installment to be $4 
more than the preceding, and the last to be $80. What was 
the amount of the fine ? Ans. $800. 

Ex. 2. In a foundery, a person saw 15 rows of cannon 
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balls, placed one above the other, each row, from the first to 
the last, co^tamiDg 20 balls less than the one immediately 
below it. In the lowest row there were 420 balls. How 
many were there in the whble pile ? Ans. 4200. 

3. A debtor, being unable to pay his debt at once, agrees 
with his creditor to discharge it by monthly installments, 
paying each month $50 more than in the preceding one. 
The first installment was S600, and the last $1250. What 
was the amount of the debt ? 

In this example, we have given a, d and ^, to find & 
Eliminating n from the two fundamental equations, 
L = a + {n—l)d, S = J«(a + fl, 
we obtain an equation which contains the three given things, 
a, d and ^, and the required thing, S; and from which we 
obtain 

Applying this to the proposed question, we obtain $12950 
for the answer. 

Ex. 1. A traveller, who wishes to be at the place of his 
destination in a certain number of days, expedites his journey 
80 much that he goes each day 3 miles more than the pre* 
ceding. He travels the first day 15 miles, and the last 72 
miles. How many miles did his whole journey amount to ? 

Ans. 870 miles. 

Ex. 2. A rocket, as it rises in the air, loses 5 feet of its 
velocity, or the space it passes through, each second. Its 
velocity the first second was 70 feet, and the last 10 feet. 
The time of its ascent was 13 seconds ; how high did it 
rise ? Ans. 520 feet. 

78* The formula for L, with those now obtained for S^ 
comprise all the difierent cases which occur, in which thre€ 
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af the things in a progression by difference being giren, a 
fourth is required. 

These different cases are, it is easy to sec, 20 in number. 
Four of them, as, for example, when a, d and S are given to 
find n, involving equations of a higher degree than those we 
have thus far considered, we are not now prepared to solve. 
The learner may, however, prepare the formulas, and solve 
the following particular cases : 

Ex. 1. The sum of all the terms in a progression by 
difference is 155, the last term is 10, and the number of 
terms 30. What is the common difference ? Ans. ^. 

Ex. 2. A merchant has $2535 to pay by 15 installments. 
The first one was $50, but each succeeding one was invaria- 
bly greater than the one preceding, so that the last install- 
ment was $288. What was the common difference between 
each successive payment ? Ans. $17. 

Ex. 3. In a progression by difference, the sum of all the 
terms is 450, the last term is 50, and the number of terms 
15. What is the common difference ? Ans. 2f . 

Ex. 4. A father, dying, bequeathed his property, amount- 
ing to $41400, to his 9 sons. To the youngest he gave 
$5200, and to the others less, decreasing regularly by a 
constant difference. What was this constant difference ? 

Ans. $150. 

Ex. 5. What is the first term of an arithmetical progres- 
sion, the number of terms being 100, the common difference 
3, and the sum of all the terms 15350 ? Ans. 5. 

Ex. 6. A stone is thrown vertically upward, with a force 
which causes it to pass through 180 feet the first second. 
It rises with a velocity decreasing by the same quantity for 
12 seconds, when it has reached the height of 1170 feet. 
Through what space did it pass during the last second of its 
ascent ? Ans. 15 feet. 
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76. We close with the following problem. Between 
the numbers 7 and 106 it is required to insert 10 mean 
terms, so that, with these, they shall form a progression bj 
difference. 

In order to solve the problem, it is necessary to find the 
common diflference of the terms. The formula for L gives 
for this purpose 

L — a 

from which we obtain 9 for the common difference ; whence 
the series will be easily found. 

Ex. Insert between the numbers 3 and 32 six mean 
terms. ^ -. - - 

PROPERTIES OF PROGRESSIONS BT QUOTIENT. 

77* Resuming the general progression "fr ^ • ^ • <^ • 
^ . • . , and putting q = the ratio, we have 
h = aq 
c = bq:=af 
d = cq =za^. 
From which we learn, that to find any term of the series, 
we multiply the first term by the ratio raised to a power one 
less than the number of the terms. 

Let L represent any term of the series; the formula 
corresponding to the rule will be 

Ex. 1. What is the 8th term of the progression 2:4: 
8 . . . ? Ans. 256. 

Ex. 2. Required the last term of a progression by quo- 
tient, of which the first term is 5, the ratio 2, and the numbel 
of terms 8. Ans. 640. 
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Ex. 3. A gentleman, dying, left 9 sons, and bequeathed 
his estate in the following manner : to his executors £50 
his youngest son to have twice as much as the executors, and 
each son to have double the amount of the son next younger 
What was the eldest son's portion ? Ans. £25600. 

The expression for L contains four things, X, a, q and 9t, 
any three of which may be given ^ find the fourth. 

The formula will be easily obtained for the following 
case : 

Ex. 1. The last term of a progression by quotient is 
1536, the ratio 2 and the number of terms 10. What is the 
first term ? Ans. 3. 

Ex. 2. The last term of a progression by quotient is ^, 
the ratio ^, and the number of terms 8. What is the first 
term? Ans. 32. 

78. Betuming to the general progression 

we have, as above, 

b = aq,c=^bq,d = cq, ...ls=skq; 
adding these equations, member to member, 

3 + c + «? + . . . ^ = (a + 3 + c + . . . A:) y. (1) 

Let iS represent the sum of all the terms ; then 

5 + c + <Z + . . .l = S — a 

a-\-b-\-c + .. .k=S — l; 

Whence by substitution in equation (1) 

S — a = q{S — l) 

and S = ^^. 

We have, therefore, the following rule, by which to find 
the sum of any number of the terms of a progression by 
quotient : Multiply the last term by the ratio, siihtract t^Mf 
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firtt term front tMs product^ and divide the remainder hythi 
ratio diminuhed hy unity, 

Ex. 1. The first term of a progression by quotient is 2, 
the ratio 3, and the last term 4374 ; what is the sum of all 
the terras ? Ans. 6560. 

Ex. 2. The first term of a progression by quotient is 7, 
the ratio ^, and the last term If ; what is the sum of all the 
terms? Ans. 12^. 

Ex. 3. If I discharge a debt by paying 1 dollar the first 
month, 4 the second, and so on, in a four fold ratio, the last 
payment being S65536, — what was the whole debt ? 

Ans. $87381. 

Ex. 4. A man bought a number of bushels of wheat on 
the condition that he should pay 1 cent for the first bushel, 
3 for the second, 9 for the third, and so on, to the last, for 
which he paid $196.83. What did he pay for the whole ? 

Ans. $295.24. 

79. The expression for 5 contains four things, S, gr, I 
and a, any three of which may be given to find the fourth. 

1. If Z be required, the other things being given, we have 

91 
Ex. 1. The sum of a progression by quotient is 2343, the 
first term 3, and the ratio 5 ; what is the last term ? 

Ans. 1875. 

2. What is the formula for a, the other things being 
given? 

Ex. What is the first term of a progression by quotient, 
the sum of which is 1785, the last term 896, and the ratio 
2? Ans. 7. 

3. What is the formula for y, the other things . being 
given? 
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Ex. The sum of a progression by quotient is 27306, the 
MSt term 204S0, the first term 5 ; what is the ratio ? 

Ans 4 
80. Frot\> the fundamental equations 

^=«»-. s-^° 

formulas may be derived for all the variations of the data, 
which can occur. But these, in general, involve equations 
of a higher degree than those we have thus far considered 
We shall take only the following case. 

What is the formula for S, when a, g, and n, are the given 
things? 

Ex. 1. KequireC the sum of 11 terms of the progression 
3 : 9 : 27 Ans. 265719. 

Ex. 2. A man sold 15 yards of cloth ; the first yard for 
1 shilling, the second for 2, the third for 4, and so on. For 
how much did he sell the whole ? Ans. £1638 75. 

Ex. 3. A gentleman, without reflecting upon the result, 
agreed to pay his gardener 1 dollar for the first month, 2 
for the second, and so on, doubling his wages each montL 
for a year. What would be the amount of the year's wages ? 

Ans. $4095. 

Ex. 4. If the human race, after making a proper deduc- 
tion for those who died, had doubled every 20 years, how 
many of the descendants of Adam would have been living 
when he was 500 years old ? Ans. 3355443^. 

position. ' ' r 

SI • This name is given, in arithmetic, to a rule by which 
many difficult questions may be solved, by assuming one of 
14 
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more nnmbecs for the answer, and working upon them as if 
they were the true answer. 

Let it he proposed, for example, to find a number such, 
that. its half, fourth and fifth parts may together be equal to 
76. 

Let us suppose that 100 is the number. Working with 
this as if it were the true number, we find that its half, 
fourth and fifth parts are together equal to 9$, a result too 
great by 19 ; 100 is not, therefore, Ae right number. 

The rule of position teaches how to find the true number 
by means of the operations we have performed upon this 
supposed number. 

To demonstrate the rule, let x be the true answer to the 
proposed question. Let the operations required to be performed 
upon z be such, that in their aggregate we shall have a times 
Zj and for the result of these operations a number b; or in 
other words, suppose that from the conditions of the ques- 
tion we derive the equation 

az = b, (1) 
X being the true answer, and a and b known numbers. 

Let us assume a number, of, to be the answer, and per- 
forming upon this the same operations that we have per- 
formed upon Zy let the result he b' ; of will not be the true 
answer, since the result is different from b. We shall have, 
nevertheless, the equation 

a3f=r:b'. (2) 

Comparing the equations (1) and (2), we have 
az : aaf :: b I b' ; 
whence b' : b :: z' : z. 

That is, the false result is to the tmCf or that given in the 
^stion, as the false or supposed number is to the true or 
required Ttumber, 
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Finding the value of x from this proportion, we have 

8S. If one assumed number only is employed, the pro- 
cess is tailed Single Position. We have, therefore, the 
following rule for Single Position : 

1°. Assume any convenient number and perform upon it 
the operations required by the conditiom of the question. 

2^. Multiply the assumed mmber by the tnte result and 
divide the product by the result obtained with the assumed 
number. 

Applying the rule to the question proposed, we have 
100 X 76 ^ 
95 =®^' 
the true number, or answer. 

This rule will apply to all questions which give an equa- 
tion of the form ax = b, that is, in which x does not occur 
in one member, and is a factor of all the terms of the other. 
The proposed is evidently of this class, since, putting x for 
the number sought, it gives the equation 

or (20 + 10 + 8) X = 3040. 

The rule will, therefore, apply to all questions in which 
the required number is increased or diminished by any of its 
parts or multiples, either by addition, subtraction, multipli- 
cation or division. 

Ex. 1. A man bought a horse, chaise and harness for 
$216. The horse cost twice as much as the harness, and 
the harness one-third as much as the chaise. What was 
the cost of the chaise ? Ans. $108. 

Ex. 2. A schoolmaster, being asked how many scholars 
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he had, replied, if he had as many more, ^ and ^ as many 
more, he would have 88. How many had he ? 

Ans. 32. 

Ex. 3. A commission merchant received 2^ per cent, for 
the sale of an invoice of merchandise. What* was the 
amount of the invoice, the total amount of the sale and 
commission being il666.24? Ans. $1625.60. 

Ex. 4. A man performed a journey of 630 miles, going 
twice as far the second day as on the first, and three times 
as far the third day as on the second. How far did he travel 
each day ? Ans. 70 miles the first day, &c. 

Ex. 5. A man, going to market, was met by another, who 
said, " Good morrow, neighbor, with your hundred geese." 
He replied, " I have not a hundred ; but if I had as many 
more, and half as many more, and two geese and a half 
besides, I should have a hundred." How many had he ? 

Ans. 39. 

Ex. 6. If 18 per cent, is lost by selling merchandise at 
$2050, at what price should it have been sold to lose only 
10 per cent. ? Ans. $2250. 

Ex. 7. A and B, having found a purse of money, dis- 
puted who should have it. A said that -(, y\y and r^jj of it 
amounted to $35, and if B would tell him how much was in 
it, he should have the whole ; otherwise he should have 
nothing How much did the purse contain ? 

Ans. $100. 

Ex. 8. A laborer received $1.50 for every day he worked, 
and lost 50 cents every day he was idle. He worked twice 
as many days as he was idle, and at the end of the time he 
received $42.50. How many days did he work? 

Ans. 34 days. 

83« The question sometimes requires that two assumed 
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numbers should be employed. The process in this case is 
called Bauble Position, 

To demonstrate the rule, let it be supposed that z is the 
true answer, and that the operations required by the question 
lead to an equation of the form 

ax -^ b = m. 
By transposition, this equation becomes 

a2: + ^ — wi = 0. (1) 
Let us now assume a number of, and performing upon z 
the same operations that are performed upon z, suppose we 
obtain aaf -{• b — m = e; (2) 

9f cannot be the answer, since, e being different from 0, the 
operations performed upon it lead to a false result. 

Suppose, again, another number, 7f\ and that performing 
upon it the same operations as upon :r, we have 

aaT'+i — ?n = ^; (3) 
zf cannot be the answer, since the result, ^, differing from 
0, is also a false result. 

This being done, equation (1), subtracted from (2), gives 
a{7f — z) = e; (4) 
subtracted from (3), it gives 

a {of' -^z) = (f. (5) 
Dividing (4) by (&)> and striking out the common factor a 

of — z e 

z" — z~7 

From which we obtain z = — . 

e — ^ 

We have supposed the errors e, ^ both alike, that is, both 

"{- or both — . If they are unlike, that is, if one is -[- and 

the other — , the formula for z will then be 

_ ez" + (fz' 

""— e + if • 
14* 
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From which we deduce the following rule for Double 
Position : 

1®. Assume two convenient nurribers^ and proceed mth them 
according to the conditions of the question, a?id note the error. 

2®. Multiply the second supposed nuniber by the first error, 
and the first supposed nurriber by the second error. 

3®. If the errors are alike, that is, if both are too great 
or both too small, divide the difference of the products by the 
difference of the errors. 

4^. BiU if the errors are unlike, that is, one too great and 
the other too small, divide the sum of the products by the mm 
of the errors. 

Ex. 1. Five times a certain number increased by 12 is 
equivalent to 7 times the number, diminished by 20. What 
is the number ? 

Suppose that it is 20. Performing the operations indi- 
cated in the question, the error will be -{- 3 ; suppose next 
that it is 18, the error will then be -j- 4 ; whence by the 

, 18X8 — 20X 4 _ , 
rule, Q . = 16, the answer. 

Ex. 2. Two men have the same income. A saves \ of 
his, but B spends 8325 per year more than A, and at the 
end of 5 years finds himself S625 in debt. What is the 
annual income of each ? 

First suppose $800, the error will be + 200 ; next sup- 
pose S1200, the error will be — 200 ; whence 

800 X 200 + 1200 X 200 ^,^^ ^ 

Cl X_ <1 — SIOOO, the answer. 

400 

Ex. 3. A man being asked, in the afternoon, what o'clock 

it was, answered that the time past from noon was equal to 

^ of the time to midnight. Required the time. 

Aifs. 20 minutes past 1 o'clock. 
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Ex. 4. What number is that whose half is as much less 
than 75, as its double is greater than 94 ? Ans. 67f . 

Ex. 5. A man divided a certain sum of money equally 
between his son and daughter ; but had he given his son 33 
dollars more, and his daughter 47 dollars less, her share 
would have been but ^ of his. What was the sum divided 1 

Ans. $174. 

Ex. 6. What number is that, which being multiplied by 
4, and 30 subtracted from the product, and being divided by 
4, and 30 added to the quotient, the sum and difference shall 
be equal ? Ans. 16. 

84. The errors being found as in the preceding examples 
a correction may be applied to either of the assumed num • 
hers, so as to obtain the required number immediately fron* 
it. Thus in the formula above, e being one of the errors 
and of the assumed number from which it is derived, let x 
be less than x. Putting y for the correction to be appliea 
to 7f^ we have 

eaf' — ^af 



y — 
or if x' be greater than x, 



from which we obtain y . 



(x' — x") e 

y- .-€ ■ 

Having obtained this formula for the correction of one of 
the assumed numbers, we have the following rule for Double 
Position : 

1**. Assume two convenient numbers and perform upon 
each the operations required in the question. . 

2**. Note the errors of the results and mark each of them 
with the sign -\- or — , according as it is in excess or defect, 

3**. Multiply the difference of the assumed numbers b^ 
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either of the errors, and divide by the difference of the errors 
if they are alike, or by their sum if they are unlike; the 
quotient unll be a correction to be applied to the assumea 
number which produced the error by which we multiply. 

4®. If the assumed number is greater than the true, the 
correction subtracted from it, or if it be less, the correction 
added to it, will give the true number. 

We give a few additional examples. 

Ex. 1. A man agreed to carry 20 earthen vessels to a 
certain place on this condition ; that for every one delivered 
safe he should receive 11 cents, and for every one he broke 
he should forfeit 13 cents ; he received 124 cents. How 
many did he break ? Ans. 4. 

Ex. 2. A man being asked what his carriage cost, replied, 
" If it had cost twice as much as it did, and $20 more, it 
would have cost $370." What was the cost of the carriage ? 

Ans. $175. 

Ex. 3. Three persons have coins of the same kind and 
value ; the second has twice as many as the first, and 4 
more ; the third as many as the first and second together, 
and 6 more ; and the whole number is 44 ; how many had 
the nrst ? Ans. 5. 

Ex. 4. A merchant increases his capital yearly by 20 per 
cent., but takes from it every year $1000 for the support of 
himself and family. After he had carried on his business, 
in this manner, for 3 years, he finds, after deducting the 
usual sum of $1000, that his capital has increased $200 more 
than f of the original sum. What was his original capital ? 

Ans. $30000. 

Ex. 5. A man, to please his children, brings home a 
number of apples, and divides them as follows : to the first 
%nd eldest he gives half of the whole number, less 8 ; to th« 
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second, the half of the remainder, again diminished by 8 ; 
and he does the same with the third and fourth. After this, 
he gives the 20 remaining apples to the fifth. How many 
apples did he bring home ? Ans. 80. 

Ex. 6. Two persons go to a fair, and the first says to the 
second, How many ducats have you ? The second answered 
and said. If I had 30 of yours, I should have as many as you ; 
and the first answered and said. If I had 20 of yours, I 
should have twice as many as you ; how many ducats had 
each of them ? Ans. The first 180, the second 120. 

The rule of Double Position is applicable to all questions 
which can be solved by Single Position, and, in general, to 
most questions that can be solved by algebraic equations. 
Both rules admit of important applications, and are, there- 
fore, deserving consideration. In general, however, the 
questions performed by them can best be performed by the 
aid of algebra. By a comparison of the two methods in the 
preceding examples, the learner will easily see the great 
superiority of the direct and simple methods of algebra, over 
the indirect and often complicated methods or expedients of 
arithmetic. 

SQUARE ROOT OF NUMBERS. 

SS, By the square root of a number is meant a number 
such that, if multiplied by itself, it will produce the given 
number. Thus the square root of 81 is 9, since 9 multiplied 
by itself gives 81. 

The square root of a number is indicated by the sign a/ 
placed before it ; thus ^ 53, means square root of 53. 

A number whose square root can be found exactly, is 
called a square number, or perfect square. 

If a number were for the first time presented to us to find 
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its square root, we should endeavor to accomplish the object 
by guessing some number near to it, and then, by trials 
ascertaining whether its square were equal to the proposed ; 
correcting it, if necessary, until, by repeated trials, the true 
root is found. The process for finding the square root is 
one substantially of this kind. By the rule, the successive 
trials are reduced to within the narrowest limits. 

Before proceeding to large numbers, it is necessary to 
know the roots of some of the small numbers. Below is a 
table of the first nine numbers, with their squares, or second 
powers, written beneath them. 

123 456789 
1 4 9 16 25 36 49 64 81 

Since the second line contains the squares of the numbers 
in the first ; conversely, the numbers in the first line are the 
square roots of those in the second. 

86* Let it now be proposed to find the square root of 
4624. 

The root, it is evident, cannot have less than two places 
of figures, for the square of 10, the least number consisting 
of two figures, is 100, and 4624 is manifestly greater than 
this. But again, it cannot have three figures, for the square 
of 100, the least number consisting of three figures, is 10000, 
and 4624 is manifestly less than this. The root of 4624 
will necessarily, therefore, have two places of figures, viz., 
units and tens, and two only. 

To proceed with the investigation of the rule, let us now 
observe the manner in which the units and tens of a number 
are employed in forming its square, since in this way we 
may learn how to return from the number to the units and 
tens of its root. 

Let the number be 57, This may be decomposed into 50 
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or 5 tens, and 7 units. Let a represent the tens and b the 

units, then 

{a + hy = d'-{-2ab + b^ 

That is, the square of a number consisting of units and tens, 

IS equal to the square of the tens -}- tunce the product of the 

tens by the units -\- the square of the units. 
Forming the square of 57 by the rule, we have 
The square of the tens, a^ = 2500 

Twice the tens by the units, 2 a 3, = 700 
The square of the units, i', = 49 

(57)^ = 3249 
if, now, 3249 were the proposed number whose root is 
required, and we could decompose it into the three parts 
above, the root would be easily found. For, to obtain the 
tens, we should have only to take the root of the first part, 
2500, which we know to be 50, or 5 tens ; and this being 
found, the units would readily be found from either of the 
other two parts. 

Let us now see if we can decompose the proposed 4624 
into the same three parts of which it is also made up. This 
we cannot do exactly, but we can come sufficiently near to 
it for our purpose. 

Indeed, from what has been done, as well as from the 
nature of the case, it is evident, that the square of the tens 
can have no significant figure less than hundreds. We 
then set aside the two right hand figures of the proposed as 
forming no part of the square of the tens, which we do by a 
period, thus, 46.24. And we now see that 4600 will be 
the square of the tens, either exactly, or something more, in 
consequence of the units carried to it from the other parts 
By taking, then, the root of 46, we shall obtain the signifi- 
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cant figure of the tens, or this figure within a unit. Looking 
at the tahle above, we see that 46 is not a square number, 
and that the nearest square to it is 36, the root of which is 
6 We take, then, 6 for the significant figure of the tens 
of the root, and which we call either 6 tens or 60 units. 

Subtracting next the square of 6 tens from the proposed, 
4624, the remainder will be 1024, and this must be equal to 
the two remaining parts of the square, viz., to timce the prod' 
uct of the tens by the units -|- the square of the units. Can 
we separate these two parts ? We cannot exactly, but still 
sufficiently near for our purpose. Indeed, we know that the 
part, twice the product of the tens by the units, can have no 
significant figure less than 10 ; the 4, then, will form no 
part of this product, and we separate it from the rest by a 
period, thus, 102.4. The 102, therefore, will contain twice 
the product of the significant figure of the tens by the units, 
and something more arising from the units carried to it 
from the remaining part, the square of the units. If, then, 
we divide 102 by 2 X 6, or 12, we have 8, which will be 
the unit figure, either exactly, or within 1 or 2 units. We 
try 8 ; twice the tens, or 12 multiplied by 8, gives 96 tens, 
or 960 units, and the square of 8 is 64 ; these together make 
1024, the remainder of the proposed after taking from it the 
square of the tens of the root before found. 

Thus we find that the square root of 4624 is 68. Recom 
posing the square from the root, we have 

The square of the tens, a', = 3600. 

Twice the tens by the units, 2 a 3, == 960. 
The square of the units, b^ = 64. 

'68}' =B 4624. 
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Let the learner now repeat this process by extracting the 
"oots of the following numbers : 
Ex. 1. To find the square root of 625. 
Ex. 2. To find the square root of 441. 
Ex. 3. To find the square root of 5776. 
Ex. 4 To find the square root of 7921. 

87* Let it be proposed next to find the square root of 
143641. The root will consist of three places, since the 
proposed is greater than 10000, the square of 100, and less 
than 1000000, the square of 1000. 

Any number, however large, may be considered as com- 
posed of units and tens ; thus 475 may be considered as 
composed of 47 tens and 5 units. 

Regarding the root of the proposed as composed of units 
and tens, we set aside, as before, the two right-hand figures, 
since they form no part of the square of the tens. 

The tens of the root will then be found by extracting the 
root of the remaining part, viz., 1436. This we may do by 
the process above, precisely as if 1436 were a separate 
number. Performing the operation, we obtain 37 for the 
root, with a remainder 67. We shall have, then, 37 tens in 
the root of the proposed. To find the units, we place 41, the 
part separated from the rest in the proposed, by the side of 
the remainder 67, which gives 6741 for the remainder of the 
proposed, after taking from it the square of the tens of the 
root. Separating, as before, the 1, and dividing the re- 
(naining part, 674, by 74, twice the tens of the root sought, 
we obtain 9 for the unit figure of the root ; which, on trial, 
proves to be the true unit figure. We have then, 379 for 
the root sought. 

16 
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The calculations may be disposed as follows : 
1436.41 379 



63,6 
46 9 



674,1 
.6741 



67 
749 



The same process, it is easy to see, may be extended to 
any number, however large. Hence, the following rule for 
the extraction of the square root : 

V*, Begin at the righty a?id separate the number int? 
periods of tivo figures each. The left-hand period may 
contain one or tioo figures, 

2®. Find the greatest square in the left-hand period, 
write the root as a quotient in division^ and subtract the 
square fi'om the left-hand period. 

3°. To the right of the remainder bring down the next 
period, to form a dividend, and place by its side dofuMe the 
root already found, for a divisor. Seek how many times the 
divisor is contained in the dividend, rejecting the right-hand 
figure. Place the quotient in the root and also at the right' 
hand of the divisor. Multiply the divisor thus increased by 
the last figure of the root, and subtract the product from the 
whole dividend, 

4®. Bring down to the right of the remainder the next 
period, to form a new dividend. Double the root already 
found, for a divisor, and proceed as before to find the third 
figure of the root, and so on. 

Instead of placing points between the figures, it will be 
more convenient to mark the periods by accents, thus, 
14'36'41. 

If the dividend will not contain tiie divisor, the right-hand 
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figure of the former being rejected, a zero must be placed in 
the root and also at the right of the divisor, and then the 
next period brought down. 

Ex. 1. To find the square root of 21025. 

Aits. 145. 

Ex. 2. To find the square root of 59536. 

Aits. 244. 

Ex. 3. To find the square root of 85673536. 

Ans. 9256. 

Ex. 4 To find the square root of 36372961. 

Ans. 6031. 

Ex. 5. To find the square root of 3327097761. 

Ans. 57681. 

If the proposed is not a perfect square, the rule will give 
the root of the greatest square number next below it. Thus, 
if it be required to extract the root of 129, the root found by 
the rule will be 11, with a remainder 8, 121 being the 
greatest square number next below 129. 

88« The root of 129 may be found nearer by approxima- 
tion with decimals. Since the square root of 100 is 10, the 
square root of 100 a will be 10 /^ a, or ten times the square 
root of a. Multiplying 129 by 100, we have 12900, the 
root of which is 10 times too large for that of 129. But the 
root of 12900, or rather of the greatest square next below it, 
is 113 ; whence we shall have 11.3 for the root of 129, and 
which is a nearer approach to the true root of this number 
than 11. If we wish a still nearer root, we add four zeros 
to 129, which gives 1290000. The root nearest to this is 
1135, which is 100 times larger than the root of 129. We 
shall have, therefore, 11.35 for a still nearer approach to the 
root of 129. By adding two more zeros, a still nearer 
approximation may be obtained, and so on» 
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The following addition may, then, be made to the role 
for the square root : 

Wlmi there is a remawder aoer^ after the last period is 
brought d<ntm, add two zeros to it, and proceed as before, 
placing the decimal point before the digit next found, 

Ex. J. Find the approximate root of 67321. 

Ans. 259.46 +. 

Ex. 2. Find the approximate root or21027. 

Ans. 145.006 +. 

Ex. 3. Find the approximate root of 153. 

Ans. 12.36931+. 

Ex. 4. Find the approximate root of 2268741. 

Ans. 1506.23+. 

Ex. 6. Find the approximate root of 25289. 

Ans. 159.02+. 

89. The process for finding the square root of a decimal 
is founded upon the same principle. Let it be required, for 
example, to find the square root of .0625. Multiplying this 
by 10000, the square of 100, it becomes 625, the root of 
which is 25, 100 times too large for that of the proposed. 
The root of .0625 will be, therefore, .25. 

To find the root of a decimal, therefore, beginning at the 
decimal point, we divide it, as in whole numbers, into 
periods of two figures each, annexing a cypher, if necessary, to 
make the decimal places even. We then extract the root as 
if it were a whole number, observing that the number of 
decimal places in the root will be one-half the number in 
the proposed, as it stands after the decimal places are made 
«ven. 

The case will present no difficulty if the proposed consists 
of an entire and decimal part. We shall merely add some 
examples of each. 
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Ex. 1. To find the square root of .2116. 

Aits. .46. 

Ex. 2. To find the square root of .0841. 

Ans. .29. 
Ex. 3. To find the square root of .001024. 

Ans. .032. 
Ex. 4. To find the square root of 10.4976. 

Ans. 3.24. 
Ex. 5. To find the square root of 336.234. 

An.«. 18.333 +. 
Ex. 6. To find the square root of 6842.72340. 

Ans. 82.7207 +. 
Ex. 7. To find the square root of Sj^. 

Ans. 2.88203 +. 
90« Since the square of a fraction is equal to the square 
of the numerator divided by the square of the denominator, 
conversely, the square root of a fraction is equal to the 
square root of the numerator divided by the square root of 
the denominator. 

If the proposed, then, is a vulgar fraction, we find its root 
by dividing the square root of the numerator by the square 
root of the denominator, or, which in general is the better 
method, we reduce the proposed fraction to a decimal, and 
then extract the root. 

Ex. 1. To find the square root of f |. Ans. ^. 

Ex. 2. To find the square root of f^. Ans. |. 

Ex. 3. To find the square root of f . 

Ans. 0.7745 +. 
Ex. 4 To find the square root of ■^. 

Ans. 0.64549 +. 
Ex. 5. To find the square root of 2^|. 

Ans. 1.69331 +. 
15* 
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ALLIOATION. 

91* We shall consider here only the rule for alligation 
medial, the object of which is to determine the mean value 
of a compound, when the several ingredients and their 
respective values are given. 

For example, a wine merchant bought several kinds of 
wine, as follows : 100 gallons at 40 cents per gallon; 80 
gallons at 60 cents, and 200 gallons at 75 cents per gallon ; 
and mixed them together. It is required to find the cost of 
a gallon of the mixture ? 

To prepare the rule, let the ingredients be represented by 
a, bf c, . . . and their prices by a', b\ <f^... respectively. 
Let a; = the mean value of the compound. Then the sum 
of the ingredients multiplied by the mean value, should be 
equal, it is evident, to the sum of the ingredients multiplied 
each into its given value. Thus we have 

aa'^bb'-\-c(f.. 
and X _— , — ; — I • 

a + ^ + c.. 

Whence, to find the mean value of the compound: 
Multiply each ingredient by its given valuer add these several 
products together, arid divide the sum by the sum of the 
ingredients. 

The rule applied to the proposed question gives 62.6 
cents -}- for the answer. 

Ex. 1. A goldsmith melted together 12 lbs. of gold 21 
carats fine ; 8 lbs. 20 carats fine ; 9 lbs. 22 carats fine, and 
7 lbs. 18 carats fine. Of what fineness is the mixture ? 

Ans. 20|- carats. 

Ex. 2. A farmer mixes 12 bust els of wheat at $1.75 ft 
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boshel; 8 bushels of rye at SI, and 6 bushels of corn at 
80 cts. a bushel. What is a bushel of the mixture worth ? 

Ans. $1.30. 
Ex. 3. On a certain day the mercury in the thermometer 
was observed to stand at the following heights : from 6 in 
the morning to 9, at 64'' ; from 9 to 12, at 74'' ; from 12 to 
3, at 84*; and from 3 to 6, at 70**. What was the mean 
temperature of the day ? Ans. 73**. 

PEEMUTATION. 

99. The only remaining rule we shall here consider, is 
that for permutation. By this rule we are taught how to 
find the number of changes which may be made in the order 
in which a given number of things may be arranged. 

Let there be two things, the letters a and &, for example. 
These, it is evident, may be placed in two positions in 
lespect to each other, and in two only, viz., a h and h a. 

Let there next be three letters, a, I and c. Setting apart 
the c, the two remaining letters admit as before of two per- 
mutations, viz., a h and h a. But the reserved letter c, it is 
evident, may be placed at the left, between, and at the right 
of each of these permutations. Thus, ih^ permutations of 
three letters wUl be equal to the permutations of ttoo letters 
multiplied by three. 

In like manner, if there are four letters, a, 3, c, rf, the d, it 
is evident, can have four positions with each one of the 
permutations of three letters ; the permutations of four letters 
wiU, therefore^ be equal to the permutations of three letters 
multiplied by four. 

In general, if there are n letters, there will be n — 1 
letters in each of the preceding permutations, and the nth 
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letter will have n positions in each of these permutations 
Thus, the penmUatioTis of n letters tmU be equal to the per 
mutations ofn — 1 letters multiplied by n. 

Let Q represent the permutations of w — 1 letters. Th<* 
permutations of n letters will then he Q n. And Q n will he 
the general formula for permutation. 

In the general formula let n = 2, then Q will be 1 ; 
whence 1 X ^ will be the permutations of two letters. 

Again, let n = 3, then Q will be 1 X 2; whence 1X2 
X 3 will be the permutations of three letters. 

In like manner 1x^X3x4 will be the permutations 
of 4 letters, and so on. The following rule for permutation 
will, therefore, be readily inferred, viz. : 

To find the permutations of a given number of things : 
Multiply together the series of TutmberSf 1, 2, 3, ^c, to the 
given number inclusive ; the product will be the permutatioTis 
sought. 

Ex. 1. How many changes can be made in the order of 
the nine digits « Ans. 362880. 

£i. 2. How often can eig^t persons, standing near one 
another, change their places, so as to present a different 
-^^aler each time ? Ans. 40320 times. 

Ex. S; five gentlemen agreed to board together, as long 
as they could seat themselves every day in a different posi- 
tion at dinner table* How long did they board together ? 

Ans. 120 days. 

03. In the preceding examples the things are supposed 
each to be different. When this is not the case, the number 
of changes will be less. Thus, let there be five letters 
aabbb. If the letters were all different, the permutations 
would be 1 X 2 X 3 X 4 X 5. But since there are two 
a's, there will be 1 X 2 permutations in which the a will be 
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combined in the same manner with the other changes. On 
this account, the whole number of permutations must be 
divided by 1 X 2. In like manner, on account of the three 
b% the whole number of permutations must be divided by 
1x2x3. The number of permutations of the given 
letters will be, therefore, 

1X2X3X4X5 _ 
1X2X1X2X3—'"- 

The learner will readily form a rule for t^iis case. We 
shall merely subjoin a few examples. 

Ex. 1. In how many ways may the figures of the number 
36376 be arranged ? Ans. 30. 

Ex. 2. In how many ways may the letters in the word 
Philadelphia be arranged ? Ans, 14968800. 

Ex. 3. How many permutations can be made with the 
letters in the word Cincinnati ? Ans. 50400. 



SECTION X. — Square Root of Algebraic Quan- 
tities. 

04. Let the proposed be a monomial. In order to find 
the process for extracting the root, let us observe how a 
monomial is raised to the square. 

We will take, for example, the monomial b c^h^c. By 
the rule for multiplication, we have 

{baHUf = ba^bU X 5 a2 3'c = 25 a* 3V. 

A monomial is, therefore, raised to the square by squaring 
the coefficient and doubling the exponents of each of the 
letters. Hence, reversing the process, we have the follow- 
ing rule for the extraction of the square root of a monomial 
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P. ExtraU the tquare root of the eoeffident. 2^. Dwide 
Ike expcment of each letter by 2. 

Ex. 1. What is the square root of 64 of" l^ ? 

Ans. So'i. 
Ex. 2. What is the square root of 169 a" 3V? 

Ans. 13a*i^c. 
Ex. 3. What is the square root of 144 2; V ^^ ^ 

Ans. 12 a:^^z. 
Ex. 4. What is the square root of 441 a:*® ^ «• ? 

Ans. 2\^if7^. 
Ex. 5. What is the square root of 676 a*iV? 

ANS..24fl?'3*c. 

OS. It follows, from the rule for raising monomials to the 
square, that a monomial, to he a perfect square, must have 
its coefficient a perfect square, and all its exponents even 
numbers. 

When this is not the case, the quantity is not a perfect 
square. Thus 75 a* h is not a perfect square. Its root can, 
therefore, only be indicated by means of the radical sign, 

thus: fJ^WoH). 

Quantities of this kind are called vrraJtwrud quantities of 
the second degree, or, more simply, radicals of the second 
degree. 

96. The second power of a product, it is easy to see, is 
the same as the product of the second powers of all its fac- 
tors. It follows, therefore, that the square root of a product 
toill be the same as the product of the square roots of all its 
factors, ' 

By means of this principle, radical expressions may 
frequently be reduced to a more simple form. Thus, the 
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above expression, ^75 a^ b, may be put under the fonn 
V26a* X V3^ ^^t A/2ba*=s5a^; whence 

In like manner, 



The quantities which stand without the radical sign are 
called the coefficients of the radical. Thus in the expres- 
sions 5fl«V^» 7^V2fl; 
5 o^, 7 ^ are called the coefficients of the radicals. 

From'what has been done, we have the following rule for 
reducing a radical expression of the second degree to its 
most simple state : 

1®. Separate the expression into ttoo parts, one of which 
shall contain all the factors wfuch are perfect squares, and 
the other the remaining ones. 

2®. Take the roots of the perfect squares and place them 
before the radical sign, under which leave those factors 
which are not perfect squares. 

To determine if a number has a factor which is a perfect 
square, we see if it is divisible by either of the perfect 
squares, 

4, 9, 16, 25, 36, 49, 64, 81, &c. 



EXAMPLES. 

1. Reduce ^^d!b to its simplest form. 



/" 



2. Reduce ^1^^^ ^JU f6ot of 

_ —140 0*^3 + 49 a* 3*? ^ 

3. Reduce ^g. proposed consist of more than three terinS| 

jnsist of more than two terms. Let it consist 
16 



fi 
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4. Reduce ^729 dH^c^d to its simplest form. 

Ans. 27 a'3V ^Thd. 

5. Reduce >v/^'75 o^V <^d? Xq its simplest form. 



Ans. 15 a 3^ c (^ ^3 a be, 
07« Since the square of — a, as well as that of -^ a, ia 
a?, conversely, the root of c^ may be either -[- «, or — a. 
Both of these roots may be comprehended in one expression 
by means of the double sign ±. Thus, 

V^==±fl, V25lV = ± 53»c. 

The double sign, it is evident, should be considered as 
affecting the square root of all quantities whatever. 

If the proposed monomial be negative, the square root is 
impossible, since there is no quantity, positive or negative, 
which, multiplied by itself, will produce a negative quantity. 
Thus, j,^/ — a, ^ — 3 3^ are impossible or imaginary quan- 
tities. 

Expressions of this kind may be simplified in the same 
manner as radical expressions which are real. Thus, 
^ — 9 may be put under the form a/ — 1X9; 
whence a/ — 9 = 3^ — 1. 

In like manner a/ — 4a^ = 2a^ — 1. 

08« We pass to the extraction of the square root of 
polynomials. 

1. Let the proposed be a'* + b\ This, it is evident, can- 
not be a perfect square ; for the square of a monomial will 
loTS.* ifiWai?.lo. and the square of a binomial consists always 
wUl be the same as the ptt^ ^ 
factors, ' "ntity consisting of three 

By means of this principle, radic*- 
frequently be reduced to a more simple fdiw 
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The process is analogous to that which we have already 
pursued, in relation to the square root of numbers. The 
latter is, indeed, derived from the former. 

In order to return from the proposed to its root, let us 
observe how the two terms of a binomial are employed in 
forming its square. Let the binomial be m + ^ for exam« 
pie : then (tto -|- n)' = m^ -|- ^ m » + w*. 

Thus the square of a binomial consists of three terms, viz., 

1®. The square of the first term, 

2**. Tunce the product of the first term by the second. 

3®. The square of the second term. 

Arranging the proposed with reference to some letter, a, 
for example, we have 

9a*3»+12a»i3 + 4a«3^ 
the first term of which, it is evident, is the square of the 
first term of the root sought. Taking the root of this, we 
have 3 a^b for the first term of the root. Dividing next the 
second term 12 a^l^hy 6 a' ^, twice the term already found, 
we have 2 ab^ for the second term of the root ; and since 
the square of this is equal to 4 a' b* the remaining term of 
the proposed, the proposed is a perfect square, the root of 
which isSaH-\-2ab\ 

Ex. 1. What is the square root of 

26 aH' + 30 a'b^ + 9 i^^l 

Ex. 2. What is the square root of 

49a«3* + 56a*i^4.16a*i«? 

Ex. 3. What is the square root of 

81 fl«3* — 54 0^3^ + 9 fl*i"? 

Ex. 4. What is the square root of 

100 a'b^ — 140 a» 3' + 49 a*b'l 

3. Again, let the proposed consist of more than three terms, 
the root will consist of more than two terms. Let it consist 
16 
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»f three ; and let as observe the manner in which the terms 
af a trinomial are employed in forming its square. 

Let the trinomial root he m -\^ n -\~ p^ for example. This 
maybe put under a binomial form, thus, (nt -{- n) -f P» &nd, 
forming its square after the manner of a binomial, ^e have 
for the square, 

^m + nf + 2(m + n)p + j^. 

Let the proposed, arranged with reference to the letter 
a;, be 9 «* — 12 a;» + 16 x* — 8 a: + 4. 

The square of the first two terms of the root will be found 
in the first three terms 9 x^ — 12 a:* -|- 16 a:^, the last of 
which is affected by terms united with it from the two other 
parts of the square. EecoUecting this, and proceeding as 
above, we obtain 3 st^ — 2 a; for the first two terms of the 
root sought 

Subtracting next the square of 3 x' — 2 a; from the pro- 
posed, there remains 12 a^ — 8 a; + 4 This will contam 
twice the product of the two terms of the root already found 
by the third term of the root, together with the square of 
this third term. Dividing next the remainder by 2 (3 a:* 
— 2 x), or, which is the same thing, dividing its first term 
by 6 g^t we obtain 2 for the third term of the root Sub- 
tracting finally the product of 2 (3 «" — 2 ar) by 2, together 
with the square of 2 from the remainder, 12 a:' — 8 a; -|- 4, 
remains. The proposed is, therefore, a perfect square, the 
root of which is 

3 aJ» — 2 a: -f 2. 

The calculations may be performed a ad disposed as 
follows : 
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i^ lea:*— 2ar 

— 12a:»+16«« . eaf' — 4x + 2 

— 123:^+ 4g« 

12a;» — 8x + 4 
12ar' — 8ar + 4 

The process, it is evident, will be the same, whatever the 
number of terms in the proposed. We have, therefore, the 
following rale for the extraction of the square root of alge- 
braic quantities. 

1^. Arrange the proposed tmth reference to the powers of 
some letter. 

2®. Take the square root of the first term. This wUL be 
the first term of the root. Stibtract its square from the given 
quantity^ and set down the remainder for a dividend, 

3^. Divide the first term of the dividend by twice the root 
already found ; the quotient wiU be the second term of the 
root, which place in the root and also in the divisor. 

4^. Multiply the divisor thus completed, by the term of the 
root last found, and subtract the product from the dividend^ 
und so proceed. 

EXAMPLES. 

1. Extract the square root of 

tf* + 4 a«ar + 6 a«a;» + 4 aa:« + a^. 

Ans. fl? + 2 a X + «". 

2. Extract the square root of 

9ar* — 12ar + 6«y + j^ — 4y + 4. 

Ans. 3 X 4" y — ^• 

3. Extract the square root of 

aJ»4.4a:8_^2x* + 9ar* — 4a: + 4. 

Ans. 3? + 2a^^z + 2. 
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4. Extract the square root of 

9a^— 12a:^+10a^ — 28«^+17a;' — 8ar+16. 
Ans. Sx^ — 2a^ + x — ^ 
6. Extract the square root of 

4 a* — 20 a'a; + 37 a«ar* — 30 aar» + 9 a^. 

Ans. 2 a' — 6 az -{-S a^, 
6. Extract the square root of 
a^ — 6aa^+lda^x' — 20a^a^+lba'x' — 6(^x + a', 
Ans. a^ — 3 aa^ -{-Sc^x — ar*. 



SECTION XI . — Equations of the Second Degree 

90* An equation which contains the second power of 
the unknown quantity, without any of the higher powers, is 
called an equation of the second degree. 

In an equation of the second degree, there can he, there 
fore, only three kinds of terms, viz. : 1®. Terms which in 
volve the second power of the unknown quantity ; 2**. Terms 
which involve the first power of the unknown quantity; 
3*. Terms consisting entirely of known quantities. 

Equations of the second degree are divided into two 
classes, according as they involve the first, or the first and 
second of these two kinds of terms, together with terms 
altogether known. 

1**. Equations which involve the square only of the un- 
known quantity, and terms altogether known. These are 
called Incomplete Equations. They are sometimes also 
called Pure Equations, 

2^. Equations which involve both the first and second 
powers of the unknown quantity and known terms. These 
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are called Complete Equations; sometimes also Affected 
EquatioTis, 

mCOMPLETB EQUATIONS. 

100* We commence with incomplete equations. 

1. What number is that whose half multiplied ty its 
third is equal to 864 ? 

Let 2; = the number. 
Then, by the question, 

|xi = 864; . 

whence ar* = 5184, 

and extracting the square root of both sides, 

a;=72. 
Equations of the second degree admit of two values for 
the unknown quantity, while those of the first degree admit 
of but one only. This arises from the circumstance that the 
second power of a quantity will be positive, whether the 
quantity itself be positive or negative. Thus, in the pre- 
ceding example, z will be equal either to + 72, or — 72 ; 
or, uniting both values in one expression, 
a: = =fc 72. 

2. What two numbers are those whose sum is to the 
greater as 10 to 7, and whose sum multiplied by the less 
produces 270 ? 

Let X = their sum. 

Then srr will be the greater, and =^ the less : 

ind, by the question, r^ = 270 ; 

whence 2^ = 900, 

and a: = ifc 30. 

The numbers will be, therefore, ± 21, and ± 9. 
16* 
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3. Theie are two numbers in the proportion of 4 to 5 
the difierence of whose squares is 81. What are those 
niunbers? 

Ax 
Let a; sss the greater ; then -?- s= the less, and we have 

whence a;' = 225, 

and a: = ± 15. 

The numbers, therefore, are 15 and 12. 

4. It is required to find the value of z in the equation, 

-a:« — 8 = 4 — ?a:«. 

7 3 

Freeing from denominators, transposing and reducing, 

^=W' whence a: = ±^X^. 

252 

In this example -^^ is not a perfect square; we can there- 

fore obtain only an approximate value for z, 

5. What is the value of z in the equation a:' -{- 25 s= 9 ? 
Transposing, we have a:* c= — 16 ; 

whence xz=zh a/ — 16. 

To find the value of a;, we are here required to extract 
the square root of — 16. But this is impossible ; for, since 
there is no quantity, positive or negative, which multiplied 
by itself will produce a negative quantity, — 16, it is evident, 
cannot have a square root either ezaet or approximate. In- 
deed, — 16 may be considered as arising from the multiplica- 
tion of -}- 4 by — 4 ; but + 4 and — 4 are different quan- 
tities ; their product, therefore, is not a square. 

The result a; = ^ — 16 shows, then, that it is impoi- 
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siUe to resolve the equation from which it is derived. It 
implies, therefore, that there is some absurdity or impossi- 
bility in the conditions of the question which has led to it. 

In general, an expression of the square root of a negative 
quantity is to be regarded as a symbol of impossibility. 

lOl. Incomplete equations of the second degree may 
always be reduced to an equation of the form 

Aar* = B; 
A and B denoting any known quantities whatever, positive 
or negative. 

This may be done, I*'. By collecting into one member the 
terms which involve a:*, and reducing them to one term ; 
and, 2^. By collecting the known terms into the other mem- 
ber. 

Ex. 1. Reduce the equation ^ — 4 = =- + 9 to the 

form A a:* = B. 

Ans. 4a;» = 273; in which 4 = A, 273 = B. 

Ex. 2. Reduce the equation a:* — 192 c= j to the 
form A ar* = B. 
Ex. 3. Reduce the equation 5- — 8 = jr- -|- 10 to the 

form A ar* = B. 

Ex. 4. Reduce the equation aa^ — h=iC7? — d to 
the form A a:' s= B. 

Ans. (a — c) a^=ssb — d; 
m which a — cs=sA, 3 — d=:B. 

Resolving, next, the equation A a^ = B, we obtain 

If -^ is a perfect square, the value of z may be obtained 
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exactly ; if not, it may be found with such degree of approxi 
mation as we please. If ~ be negative, we shall have 



\/ 



J-, a symbol of impossibility. 



103* From what has been done, we have the following 
rule for the solution of incomplete equations of the second 
degree. 

1**. Reduce the equation to the farm A x'ssr B. 2®. Di- 
vide both sides by the coefficient of x\ and then extract the 
square root of both members. 

EXAMPLES. 

1. What number is that which being multiplied by itself, 
the product will be 529 ? Ans. 23. 

2. A gentleman being asked how much money he had, 
replied : " If to three times the square of the dollars you 
add S8, and from five times the square you subtract $10, the 
sum and difference will be equal." How much money had 
he? Ans. S3. 

3. Find three numbers in the proportion of 2, 3, and 5, 
the sum of whose squares is 342. 

Ans. 6, 9, and 15. 

4. What two numbers are those which are to each other 
as 3 to 4, and the difference of whose squares is 28? 

Ans. 6 and 8. 

5. What number is that whose 7th and 8th parts multi- 
plied together, and the product divided by 3, gives the 
quotient 298$ ? Ans. 224. 

6. It is required to find a number such that if we first add 
to it 94, and then subtract it from 94, the product of the sum 
and difference thus obtained will be 8512. Ans. 18. 
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7. A man lent a certain sum of money at 6 per cent, a 
year, and found that if he multiplied the principal by the 
number representing the interest for 8 months, the product 
would be $900. Required the principal. Ans. $150. 

8. A gentleman has two square parlors, the sides of which 
are as 2 to 3 ; and he finds that it takes 180 square feet 
of carpeting more to cover the floor of the larger than it 
does to cover that of the smaller. What is the length of 
one side of each room ? 

Ans. 18 and 12 feet respectively. 

9. The sides of a rectangular field are to each other as 5 
to 7, and there are 140 square rods in the field. What are 
the lengths of its sides ? Ans. 10 and 14 rods. 

10. A says to B, My son's age is one quarter of yours, 
and the diflerence between the squares of the numbers 
representing their ages is 240. What are their ages ? 

Ans. 16 and 4 years. 

11. A detachment from an army was marching in regular 
column, with 5 men more in depth than in front ; but upon 
the enemy coming in sight, the front was increased by 845 
men, and by this movement the detachment was drawn up 
in five lines. Required the number of men. 

Ans. 4550. 

12. What number is that, to the square of which if 50 be 
added, the sum will be 40 ? 

Ans. The question implies an impossibility. 

103. With a little care, equations may be solved by the 
present rule, which otherwise would require that for the 
second class of equations of the second degree. 

We give a few examples. 

1. It is required to divide the number 14 into two such 
parts that the quotient of the greater part divided by the 
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ess may be to the quotient of the less divided by the 
greater as 16 to 9. 

Let X = the greater part; then 14 — a; = the less; and, 
by the question, 

X 14 — X -^ ^ 

Ti • : : 16 : 9; 

14 — X X 

whence 9 77-^— = 16 linf . (1) 

14 — X X ^ ' 

Freeing from denominators and reducing, taking care to 

retain the operations as we proceed, we obtain 

9a;»=16(14 — a;)^(2) 

'^^^ (Tr=:^«=9-(^) 

Extracting next the square root of both sides, y 

X 4, ^ 

14 — a:~3' 
whence x^8. 

We have deduced the equation (3) from (2) in order, in 
accordance with the general rule for incomplete equations, 
to bring, before extracting the root, the terms altogether 
known upon one side of the equation, and those which 
involve x upon the other. 

Recollecting, however, that the square root of a product 
is equal to the product of the square root of each of its 
factors, equation (2) gives, by extracting the root of both 
sides, 3 a: = 4 (14 — x), 

which gives, as before, a: = 8. 

2. Two travellers, A and B, set out to meet each other, 
A leaving the town C at the same time that B left D. They 
travelled the direct road C D, and, on meeting, it appeared 
that A had travelled 18 miles more than B ; and that A 
could have gone B's journey in 15} days, but B would have 
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been 28 days in perfonning A's journey. What was the 
distance between G and D ? 

Let 2; = the number of miles A has travelled ; then 
X — 18 = the number B has trayelled; and 



the time A would travel 1 mile, 



15f _ 

«— 18~ 

28 

— = the time B would travel 1 mile ; 

X 

whence, as they are each the same time upon &e road, 
63a? _ 28(a?— 18) _ 
4(a;— 18)~ x ' 

from which we obtain 

63a;»=112(a:— 18)^ 
Here the coefficients, 63 and 112, it is evident, are not 
perfect squares. But, with a little attention, it wiU. be seen 
that they each contain a factor, 7, which being struck oui 
will leave them perfect squares. Dividing, therefore, botb 
sides by 7, we have 

9ar»=16(a:— 18)»; 
whence 3 a; =s 4 (a: — 18), 

and a; = 72 ; 

whence A travelled 72, and B 54 mUes; and the whole 
distance G D is 126 miles. 

3. Divide the number 49 into two such parts that the 
quotient of the greater divided by the less may be to the 
quotient of the less divided by the greater as f to |. 

Ans. 28 and 21. 

4. Divide the number 24 into two parts whose squares 
shall be as 25 to 9. Ans. 15 and 9. 

5. A farmer bought two flocks of sheep, the first of which 
contained 18 fewer than the second. If he had given for 
the first fiock as many pounds as there were sheep in the 
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second, and for the second as many pounds as there were 
sheep in the first, then the price of 6 sheep of the first flock 
would have been to the price of 7 sheep of the second as 7 
to 6. Required the number in each flock. 

Ans. 108 and 126. 

6. Two men share a prize of $40 in such a manner that 
the quotient of A's share divided by twice B's share is to 
the quotient of B's share divided by three times A's as 54 
to 9. What is the share of each ? 

Ans. A's $26$, B's $13^. 

7. Bought a number of oxen for $1406.25, the number 
of dollars per head being to the number of oxen as 9 to 4. 
How many did I buy, and what did 1 give for each ? 

Ans. 25 oxen, at $56.25 per head. 

8. A merchant purchased two pieces of cloth, which 
together measured 100 yards. The number of yards in the 
first, divided by tiie number of yards in the second, was to 
the number of yards in the second, divided by 5 times the 
number of yards in the first, as 45 to 25. How many yards 
were there in each piece ? Ans. 37^ and 62J yards. 

104« In the preceding examples, we have employed one 
unknown quantity only. If there are two unknown quan- 
tities employed, we eliminate one of them, and then apply 
the rule to the new equation thus obtained. 

The following examples will serve as an exercise upon 
questions involving naturally two unknown quantities : 

1. The sum of two numbers is to the greater as 7 to 5 ; 
and if the sum be multiplied by the less, the product will bo 
126. What are the numbers ? 

Let a; = the greater number, and y the less. 

By the question, 

« + y • « • J "7 : 5, (1) 
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and zy + y'=126. (2) 

The value of x derived from (1) and substituted in (2) 

gives -y» + y'=126; 

from which we obtain y = 6 ; 

whence x = 15. 

2. The product of two numbers is 63, and the square ot 
their sum is to the square of their difference, as 64 to 1 
What are the numbers ? 

By the first condition, 

2^ = 63. 
By the second, 

(a; + y)« = 64(a:-y)«. 
Extracting the root of both sides of this last, 

a; + y = 8 (ar — y). 
From which, if we deduce the value of a;, and substitute 
it in the first equation, we obtain, 
^^ = 49, 
and the numbers will be 7 and 9. 

3. There are two numbers in the proportion of 8 to 5, 
whose product is 360. What are the numbers ? 

Ans. 24 and 15. 

4. There is a room of such dimensions that the difference 
of the sides, multiplied by the less, is equal to 36, and the 
product of the sides is equal to 360. What are the sides ? 

Ans. 18 and 20. 

5. The sides of a rectangular field are to each other as 5 
to 7, and its area is 26 A. 1 r. 35^. How many rods are 
Jiere in each side ? Ans. 55 and 77. 

6. A trader sold two pieces of broadcloth, which together 
measured 18 yards ; and he received as many dollars a yard 
hr each piece as it contained yards. Now the sums re* 

17 
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ceived for the two were to each other as 25 to 16. Hoi» 
many yards were there in each piece ? 

Ans. 10 and 8 yards. 

7. A merchant purchased two pieces of muslin, which 
together measured 12 yards. He gave for each piece just 
as many dollars per yard as the piece contained yards ; and 
he gave 4 times as much for one piece as for the other. 
How many yards were there in each piece ? 

Ans. 8 and 4. 

8. A certain room requires 108 square feet of carpeting 
to cover it ; and the sum of its length and breadth is equal 
to twice their difference. What is the length and breadth 
of the room ? Ans. 18 and 6 feet respectively. 

9. A charitable person distributed a certain sum among 
some poor men and women, the numbers of which weie in 
the proportion of 4 to 5. Each man received one-third as 
many shillings as there were persons relieved ; and each 
woman received twice as many shillings as there were 
women more than men. The men received, altogether^ 18 
shillings more than the women. How many were there of 
each ? Ans. 12 men and 15 women. 

10. The sum of the squares of two numbers is 117, and 
the difference of their squares is 45 ; what are the numbers ? 

Ans. 9 and 6. 

11. There are two numbers, whose sum is to their differ- 
ence as 8 to 1, and the difference of whose squares is 128. 
What are the numbers? Ans. 18 and 14. 

12. A sum of 152 dollars is divided among a certain 
number of men and boys. The number of men is to the 
number of boys as 3 to 4. Now the boys receive each one- 
half as many dollars as there are persons, and the men twice 
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as many dollars each as there are boys. How many men are 
there, and how many boys ? Ans. 6 men and 8 boys. 

13. There is a number consisting of two digits, which 
being multiplied by the digit on the left hand, the product 
is 46 ; but if the sum of the digits be multiplied by the same 
digit, the product is only 10. Required the number ? 

Ans. 23. 

14. From two towns, G and D, which were at the dis- 
tance of 396 miles, two persons, A and B, set out at tha 
same time, and meet each other, after travelling as many days 
as are equal to the difference of the number of miles they 
travelled per day ; when it appears that A has travelled 216 
miles. How many miles did each travel per day ? 

Ans. a 36, and B 30. 

COMPLETE EQUATIONS OF THE SECOND DEGREE. 

lOSm We pass, next, to the solution of complete equa- 
tions of the second degree. Let us take, for example, the 
equation 2:^ -j- 8 a; = 209. 

The solution of this equation, it is evident, would present 
no difficulty if the left hand member were a perfect square. 
But this is not the case ; for the square of a quantity con- 
sisting of one term will consist of one term, and the square 
of a binomial contains three terms. 

Let us see, then, if o:^ -f- 8 a; can be made a perfect square. 
A binomial x -{- a raised to the square, gives, as we have 
seen, 

{X -{- af = a^ + 2 az -{- a\ 

If, then, we compare ar* -j- ^ * with a^ '\- 2 a x -{- a\ it 
is evident that ar* -[- 8 a; may be considered the first and 
second terms in the square of a binomial. The first term 
of this binomial will evidently be a; ; then, as 8 a; must con< 
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tain twice the first tenn by the second, the second will be 
found by dividing 8 a: by 2 a:, which gives 4 for the quotient. 
a^ -{-SXf form, therefore, the first two terms in the square 
of the binomial a; -|- 4. If, then, we add 16, the square of 
4:t to a^ '\' 8 X, the left-hand member of the " proposed, the 
result a;'' -|- 8 a: -f- 16 will be a perfect square. But if 16 
be added to the left-hand member, it must also be added to 
the right, in order to preserve the equality ; the proposed 
will then become 

a:s ^ 8 a: + 16 = 225, 
whence, extracting the root of each member, 

a: + 4 ==±15; 
wherefore, a; = 11, a: = — 19, 

2. Let us take, as a second example, the equation 

a^-|a;=15|. 

2 

Comparing a^ — ^x with the square of the binomial z — a, 

2 
viz., a^ — 2 a X '■\- (X^, it is evident that a;' — ^x may be 

considered the first two terms m the square of a binomial. 
Pursuing the same course of reasoning as in the preceding 

example, we find this binomial to be a: — 5. If, then, the 

square of ^ be added to both sides, the left-hand membel 
will be a perfect square, and ire have 

Extracting, next, the ro' *. of each member^ 

whence a: == 4^, a; = — 3§. 



EQUATIONS OF THE SECOND DEGREE. 19*7 

Making the left-hand member a perfect square, is called 
completing the square. This is done, in the preceding ex- 
amples, by adding to both sides of the eqtiation the square of 
oTie-halfthe coefficient of x in the second term, 

106* Complete equations of the second degree may 
always be reduced to the form 3^ '\- p xs=g; p and q 
denoting any quantities whatever, positive or negative, 
entire or fractional. 

This is done, 1®. By collecting all the terms which involve 
z into one member, and the terms altogether known into the 
other. 2**. By uniting the terms which contain ar* into one 
term, and those which contain x into another. 3®. By 
changing the signs of each term, if necessary, in order to 
render that containing z^ positive. 4®. By dividing all the 
terms by the multiplier of a:*, if it have a multiplier, and 
multiplying all the terms by the divisor of r*, if it have a 
divisor. 

Thus, let there be the equation, 

3 61 — 0^ 

Freeing from denominators, 

140 a; — 70 — 12a:« + 6a; = 305 — 5ar». 
Transposing and uniting terms, 

146 2 — 7r^ = 375. 
Changing the sigtio of each term, 

7ar^_-146a; = — 375. 
Dividing by 7, the coefficient of z, 

146 a; ^375 
7 7 ' 

Comparing this last with the equation a^ '\- p x = q, liM 
fonn, it is evident, is the same ; and we have 
17* 
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146 376 

This being premised, a^ '\- p x form, it is evident, the 
first two terms of the square of the binomial, 



Bmce we 



have (x + ^y=x' + px+^. 



Adding, then, ~, the square of half the coefficient of the 

second term in the first member, to both sides of the equa- 
tion, a^ -\' p X sss q, we have 

Extracting the root of both sides, 

a; + g = ± 1/ ^ + 4 ' whence 

This is a general solution of complete equations of the 
second degree. We have, therefore, the following rule for 
the solution of equations of this kind, viz. : 1®. Reduce the 
equatio7i to the form x' -}- P x = q. 2®. Complete the square 
by addirig to both memhers the square of half the coefficierU 
of X in the second term, 3°. Extract the root of both mem- 
berSy taking care to give to the root of the second member the 
double sign, 4®. Deduce the value of x from the equation 
which results from the last operation. 

EXAMPLES, 

1. Given 3? -}- 6 x s=: dd^ to find the values of a:. 

Ans. a: sr= 5, or — 11 
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2. Given 10 ar» — 8a: + 6 = 318, to find the values 
of z. Ans. a: = 6, or — 5^. 

3. Given ar* — 10a: + 15 = ^ — 34a; + 155, to find 
the values of x. Ans. a; = 5, or — 35. 

4. Given 2«« + 8a: + 7= ^ — ^ + 197, to find the 
values of x. Ans. a: = 8, or — H tt* 

5. Given ^ — |+15 = ^ — 8a: + 95J, to find he 

values of x. Ans. a: = 9, or — 64^. 

7a; 8 

6. Given a; + 4 H 5 = 8, to find the values 

' ' X 

of X, • Ans. 4, or — 2. 

1121 4tX 

7. Given 3 a; ^ 2, to find the values 

z 

of X. Ans. x = 19, or — 19f . 

r^ /^. »- 3a;^3 _ , 3a; — 6 ^ , , 

8. Given 5 a; =- == 2 a; H rr — , to find the 

X — o 2 

values of x, Ans. a; = 4, or — 1. 

107« We pass to the solution of some questions, con- 
fining ourselves, for the present, to the value obtained for x 
when the positive value only of the quantity under the rad- 
ical is employed. 

1. A gentleman divided $28 between his two sons in such 
a manner that the product of their shares was 192. What 
was the share of each ? Ans. $16 and $12. 

2. There are two square courts that are paved with stones, 
a foot square each. The side of one court exceeds the other 
by 12 feet, and both their pavements taken together contain 
2120 stones. What are the lengths of them separately ? 

Ans. 26 and 38 feet 
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3. A laborer dug two trenches, one of which was 6 yards 
longer than the other, for £17 16s. ; and the digging of each 
of them cost as many shillings per yard as there were yards 
in its length. What was the length of each ? 

Ans. 10 and 16 yards. 

4. A person buys some pieces of cloth, at equal prices, for 
S60. Had he got 3 more pieces for the same sum, each 
piece would have cost him 1 dollar less. How many pieces 
did he buy ? Ans. 12. 

5. There are two numbers, one of which is 8 more than 
the other, and their product is 240. Required the numbers. 

Ans. 12 and 20. 

6. A merchant sold a piece of cloth for $39, and gained 
as much per cent, as it cost him. What was the cost of the 
cloth? Ans. $30. 

7. The length of a room exceeds its width by 8 feet, and 
its area is 768 feet. What is its length and width ? 

Ans. 32 and 24 feet. 

8. A man, having travelled 160 miles, found that if he 
had travelled one mile more per hour, he would have been 
8 hours less upon the road. Required his rate of travelling, 
and the number of hours he was upon the road. 

Ans. 4 miles an hour, and 40 hours. 

9. A man has a painting 18 inches long and 12 inches 
wide, which he orders the cabinet-maker to put into a frame 
of uniform width, and to have the area of the frame equal to 
that of the painting. Of what width will the frame be ? 

Ans. 3 inches. 

10. A person bought some yards of cloth for 120 shillings; 
if there had been 6 yards more, each yard would have cost a 
shilling less. Required the number of yards and the price 
of each. Ans. 24 yards, at 55. a yard. 
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11. Two men, A and B, traded together. A put in i 
certain sum for 4 months, and B put in $350 for 2 months. 
They gained $99, and A received for principal and gain 
$136. How much stock did A put in ? Ans. $100. 

12. Several gentlemen made a purchase in company for 
175 dollars. Two of them having withdrawn, the bill was 
paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid 
by the whole company. What was the number in the com- 
pany at first ? Ans. 7. 

13. A merchant bought several yards of linen for 60 dol- 
lars, out of which he reserved 30 yards, and sold the remain- 
der for 54 dollars, gaining 10 cents a yard. How many 
yards did he buy, and at what price ? 

Ans. 120 yards, at 50 cents. 
14 Two casks of wine were purchased for $58, one of 
which contained 5 gallons more than the other, and the 
price by the gallon was $2 less than one-third of the num- 
ber of gallons in the smaller cask. Required the number 
of gallons in each, and the price by the gallon. 

Ans. 12 and 17 gallons, at S2. 

15. A gentleman purchased a building lot, and in the 
centre of it erected a house 54 feet long and 36 feet wide, 
which covered just one-half of his land. This arrangement 
left him a flower border of uniform vvidth all round his 
house. What was the width of his border, and the dimen- 
sions of his lot ? 

Ans. The border 9 feet, and the lot 72 by 54 feet. 

16. A father left an estate of $30000 to be divided 
equally among his sons ; but one of these dying immedi- 
ately after his father, the estate was divided among those 
remaining, each of whom received $1500 more than he 
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would have received if all had been living. How many 
sons did the father leave 1 Ans. 5. 

17. A charitable person divides the sum of $36, in equal 
shares, among the poor of a small town ; but as 6 of those 
whom he thought of relieving stood no longer in need of 
assistance, each of the remaining paupers had for his share 
one-twelfth of a dollar more than he otherwise would have 
had. How many paupers were there at first ? Ans. 54. 

NEGATIVE values. 

108* Thus far we have considered the positive values 
only obtained for the unknown quantity. Let us now ex- 
amine, in some examples, the negative values also. 

1. A person bought some sheep for $72 ; and found, if he 
had bought 6 more for the same money, he would have paid 
$1 less for each. How many did he buy ? 

Let X equal the number ; then, by the question, 
72__72__ 
X a: + 6~ ' 
from which we obtain a; = 18, a; = — 24. 

The positive value of x satisfies the question in the exact 
sense of the enunciation. To interpret the negative result 
we substitute — x iox x in the equation, which becomes 
72 72 _ 

— X — a; -[-6 ' 

or, which is the same thing, 

a; — 6 X • 

an equation which corresponds to the following enunciation. 
A person bought some sheep for'$72; and found, if he had 
bought 6 less for the same money, he would have paid $1 
more for each. How many did he buy ? 
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The negative value here modifies the question in a manncf 
analogous to what takes place, as we have already seen, in 
equations of the first degree. 

2. Bought some cloth for S24, for which 1 paid S2 more 
per yard than there were yards in length. How many yards 
were there ? Ans. 4, or — 6. 

How shall we interpret the negative answer to this ques- 
tion? 

3. A company at a tavern had £8 15*. to pay ; but two 
of them having left before the bill was paid, those who 
remained had each 10 shillings more to pay. How many 
were in the company at first ? Ans. 7, or — 5. 

In what way must this question be modified, so that the 
negative value may become positive and answer its condi- 
tions ? 

4. To find a number such, that if the square of this 
number be augmented by 5 times the number and also by 6, 
the result will be 2. 

Putting X for the answer, the values of x in this case wiL 
both be negative. Tbe question, therefore, is impossible in 
the sense in which it is enunciated. How must it be modi- 
fied, so as to become capable of solution ? 

5. To divide the number 10 into two such parts, that the 
product of these parts shall be 30. 

Putting X for one of the parts, 10 — x will be the other. 
We have, therefore, by the question, 
10 a; — ar»==:30. 
Resolving this equation, we obtain 

a: = 5-[-yv^ — 5, ar = 5 — tn/ — 5. 
This result indicates that there is some absurdity in the 
conditions of the question proposed; since, in order to 
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obtain the value of a:, we are required to extract the square 
root of a negative quantity, which is impossible. 

In order to see in what this absurdity consists, let us 
examine into what two parts a given number should be 
divided, in order that the product of these parts may be the 
greatest possible. 

Let n represent the given number, d the difference of the 

two parts ; the greater part will then be 

n . d 1,1 71 d 
g -f g, and the less, g — g. 

Let P lepresent the product of the two parts ; then 

(i+i) (i-O-^. 

Here the value of P, it is evident, increases as that of a 
decreases. P, therefore, will be the greatest possible, when 
d is the least possible, or zero. 

If, then, a given nwmher be divided into two parts^ and 
these parts be mtdtiplied together y the product tmll be the 
greatest possible when the parts are equal. 

Returning to the question, the greatest possible product 
which can be obtained by dividing 10 into two parts, and 
taking their product, will be 25. The absurdity of the 
question consists, therefore, in requiring that the product of 
the two parts into which 10 is to be divided should be 
greater than 25. 

The values, a: = 5-(-/^ — b, xsssb — ^ — 5, in 
which the root of a negative quantity is required to be 
taken, are said to be imaginary^ in distinction from those 
which can be found either exactly or by approximation, 
which on this account are called real. 
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GENERAL EQUATION OF THE SECOND DEGREE. 

lOO. The equation a^-\-pxz3mq represents generally, 
as we have seen, any equation of the second degree, p and 
g being any known quantities whatever, positive or negative. 

This equation, being resolved, gives 

or, writing the values of x separately, 



'-i-\/«+?- 



Any quantity which, substituted for the unknown quan« 
tity in an equation of the second degree, will satisfy it, is 
called a root of the equation. 

Thus the values of z found above, are roots of the equa- 
tion z"^ -^ px =z q, since, if substituted for x, they will 
satisfy the equation. Every equation of the second degree 
will have, therefore, two roots, and it may be shown that 
they will have but two only. 

If the two values of x above be added together, the sum, 
it is evident, will be — p; and if they be multiplied together, 
the product will be — q. 

The roots of an equation of the second degree will have, 
therefore, the following properties : 

V. The algebraic sum of the ttvo roots is equal to the 
coefficient ofx in the second term, taken with a co?itrary sign. 

2®. The product of the roots is equal to the known term in 
\he second member, taken ivith a contrary sign. 

Thus the roots of the equation x^ — 6 a; = 16 are + 8 
and — 2. Their sum is -}- 6, and their product is — 16. 
18 
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Ex. 1. Find the roots of the equation 

a:» + 8a: = 33, 
and verify the above properties by them. 
Ex. 2. Find the roots of the equation 

a:« — a; = 42, 
and verify the above properties by them. 
Ex. 3. Find the roots of the equation 

ar» — 20a; = — 36, 
xnd verify the above properties by them. 

DISCUSSION OF THE GENERAL EQUATION OF THE SECONl 
DEGREE. 

1 lO. The solution of the equation s^ -^ px = q 
obtained above, is a general solution of equations of the 
second degree. We will now examine the results at which 
we arrive, for the various hypotheses which may be made 
with respect to the quantities, p and q. This is called a 
discussion of the equation. 

The equation a^ -{- pxs=q will take four different forms, 
according to the variations of signs which may be given to 
p and q. These, it is evident, will be as follows, viz. : 
x^ -\- p z = -{- q, 1st form, 
ar* — px^=-\- q, 2nd form. 
a^ -^ px =: — g'j 3d form. 
x^ — px = — g, 4th form. 
We will examine these in order. 

First Farm. 

111. The first form is a;' -j- j? a; = -f" ?» which, being 
fesolved, gives 



=-i±\/,+i 
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To obtain the value of a:, we must be able to extract the 
root of the quantity under the radical sign, either exactly, or 
by approximation. This, it is evident, can always be done, 
since this quantity, in the present form, is necessarily posi- 
tive. 

The value of the radical, moreover, is greater than that 

of the part without ; for the root of ^ alone being equal to 

^, the root of g -f" T^^^ necessarily be greater than ^. The 

two roots wUl then be one positive and the other negative ; 
and of these the negative root will he numerically the greater » 

Both values of x will satisfy the equation. The positive 
value will satisfy the question of which the equation may be 
considered the algebraic translation, in the exact sense of its 
enunciation. The negative value will require, in order that 
it may become an exact or positive answer, that the question 
should be modified in the sense of some of its conditions. 

Let us illustrate by a particular case, for example, the 
equation ar* -j- 8 a; = 20. 

The roots of this equation are a: = 2, a: = — 10. Of 
these, the negative root is evidently the greater. 

Substituting the positive root, the equation becomes 
2^ + 8 X 2 = 20; or, 4 + 16 = 20. 

Substituting next the negative root, it becomes 
(_10)' + 8 X —10 = 20; or, 100 — 80 = 20. 
Both values, therefore, satisfy the equation : 

The equation may be considered as the algebraic transla- 
tion of the following question : 

To find a number such that if eight times the number be 
added to its square, the sum will be 20. 

The positive value of x satisfies this question in the exact 
or ordinary sense of its terms. 
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To find the conesponding question for the negative value; 
we write — a; for a; in the equation, which becomes 

a^ — 8x = 20, 
and which corresponds to the following enunciation : 

To find a number such that if eight times the number be 
subtracted from its square, the remainder will be 20. 

Ex. 1. What are the roots of the equation a:* -|- 4 a; = 60? 
How does the negative root compare numerically with the 
positive ? What enunciation will correspond with the posi- 
tive, what with the negative root ? 

Ex. 2. What are the roots of the equation a:" 4'^^==^ • 
Ex. 3. What are the roots of the equation a:* -}" ^ ^ = 
140? 

Second Form. 

1 13. The second form isa:* — pa; = -}-fi'« This, being 
resolved, gives 



=i±v/«+$- 



In this form, also, the quantity under the radical sign ib 
necessarily positive. The value of x is, therefore, real, L.nce 
the root may be taken either exactly or by approximation. 

The value of the radical will also be greater than that of 
the other part. The tioo roots, therefore^ vnll be one positive 
and the other negative. But the positive root in this form 
will be numerically the greater. 

Both values of x will satisfy the equation. The positive 
value will satisfy the question of which the equation is the 
algebraic translation in the exact sense of its enunciation 
The negative value corresponds to an analogous question 
differing from this only in the sense of some of its conditions 

Let us take, for example, the particular equation 
x' — Ax = 2l. 
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The roots of this equation are -f* *? and — 3, of which 
the positive root is the greater. 

Substituting first the positive root, the equation becomes 
(7)2 — 4 X 7 = 21 ; or, 49 —28 = 21. 

Substituting next the negative root, it becomes 
(— 3)« — 4 X — 3 = 21 ; or, 9 + 12 = 21. 

Both values, therefore, satisfy the equation. The equa 
tion may be Considered as the algebraic translation of the 
following enunciation : 

To find a number such that if four times the number be 
subtracted from its square, the remainder will be 21. 

The positive value answers this question in its exact 
sense. The negative value requires it to be modified thus : 

To find a number such that if four times the number be 
added to its square, the sum will be 21. 

Each of the two preceding forms involves the other in its 
solution. Each, therefore, connects in itself two questions, 
which differ from each other only in the sense of certain 
conditions. 

Ex. 1. What are the roots of the equation 7? — 6 a; = 16 ? 

Ex. 2. What are the roots of the equation 3^ — 8 a: = 65 ? 

Third Firrm. 

1 13. The third form ist? -\-px^= — q» This, being 
solved, gives 



— i± 



\/'z- 



Here, in order that the root may be extracted, or, in other 
words, that the value of z may be real, q must not exceed 

— . This being the case, the value of the radical will be 

less, it is evident, than that of the part without. Both roots 
18* 
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1010, therefore^ he negaiufe. These will satisfy the equa- 
tion, hat not the question of which it is the algebraic trans- 
lation. 

Let us take, as a particular example, the equation 
a«+llx = — 30. 

The roots of this equation are — 6 and — 5. 

Substituting the first in the equation, it becomes 
(— 6)«+llX-6 = — 30; 
or, 36 — 66 = — 30. 

Substituting the second, it becomes 

(_5)«+llx— 5 = -30; 
or, 25 — 55 = — 30. 

Both values, therefore, satisfy the equation. 

Transposing the 30, the equation becomes 
a:« + 11 X + 30 = 0, 
and may be considered as the algebraic translation of the 
following enunciation : 

To find a number such that if 11 times the number be 
added to its square, and 30 also be added to the sxmi, the 
result will be 0. 

The question, as is evident from inspection, cannot be 
solved in the sense of its enunciation. If, however, we 
write — 2; for 2: in the equation, it becomes 

a:»_lla:-f 30 = 0, 
which corresponds to the following enunciation : 

To find a number such that if 11 times the number be 
mbtracted from its square, and 30 be added to the reTnainder 
the result will be 0. 

Ex. 1. What are the roots of the equation 
a;« + 12a:==: — 35? 

Ex. 2. Whs.t are the roots of the equation 
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Fourth Form. 

1 14. The fourth form is a:* — p a: = — q. This, being 
resolved, gives 

Here also, in order that the value of gc may be real, q 
must not exceed ^. This condition being fulfilled, the two 

roots win both be positive, and will satisfy both the equation 
and the question of which it is the algebraic translation. 

As a particular case, let us take the equation 
x^ — bx = — e. 

The roots of this are -[- 2 and + 3, both of which satisfy 
the equation. The equation returns to 5 a; — ar' = 6, which 
corresponds to the following enunciation : 

To find a number such that 5 times the number shaD 
exceed its square by 6. 

Both the values of x satisfy this enunciation. 

Ex. 1. What is the value of x in the equation 
2« — 9a: = — 20? 

Ex. 2. What is the value of x in the equation 
ar^— 11 a; = — 12? 

1 IS. In the two last forms, we have seen that in order 

P^ P^ 

that X may be real, q must not exceed ^. If q exceeds --, 

the value of x is imaginary, and the result indicates some 
absurdity in the conditions of the question of which it is the 
algebraic translation. 

Putting — X for a:, the equations of the third and fourth 
brms return to 

a; (p — a:) = g, 
which corresponds to the following enunciation : 
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To divide a namber p into two such parts that the product 
of these parts may be q. 

We have seen that the product g, is the greatest possible 
when the two parts are equal. 

By inspection of the two last formulas, moreover, it will 
be seen that the values of x become equal when q is equal 

to ^. If, then,* the question requires that q should be 

greater than this, it is manifestly impossible to fulfil its con- 
ditions, and this impossibility beqomes apparent in the linal 
result, in which we are required to extract the square Foot 
of a negative quantity. 

In all cases, therefore, when the values of the urUcTtwrn 
quantity are imaginary ^ the conditions of the question are 
incompatible with eadi other. 

It win be seen, moreover, that the condition q less *^^xx 

^ being fulfilled, the question in the last form will admi of 

two direct solutions ; for, the question being merely to •li'^ide 
a number into two parts the product of which shall be e' ual 
to a given number, there is no reason why x should le re- 
sent one of the parts rather than the other; the equra'^^n, 
when solved, therefore, should give both at the same Jd>**. 

116. The following questions will serve as an ir*'^i- 
tional exercise for the learner in each of the prec^d' g 
forms: 

1. A draper bought a quantity of cloth for £27. ■ f * e 
nad bought 3 yards less for the same sum, it would \t e 
cost him 15 shillings a yard more. How many yar(^- ( 1 
he buy ? Ans. 12, or — ^. 

What modification is required in this question, in ri ^ 
that 9 may be the true answer ? 
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2. To fiad a number such that if 180 be divided by this 
number, and also by this number diminished by 6, the dif- 
ference of the quotients will be 5. Ans. 18, or — 12. 

To what question does the negative answer belong ? 

3. Find a number which, subtracted from its square, 
makes 42. Ans. 7, or — 6. 

To what question does the negative answer belong ? 

4. A man bought a horse, which he sold, after some time, 
for 24 dollars. At this sale, he loses as much per cent, 
upon the price of his purchase as the horse cost him. 
What did he pay for the horse ? Ans, 60, or 40 dollars. 

5. In a parcel containing 24 coins of silver and copper, 
each silver coin is worth as many pence as there are copper 
coins, and each copper coin is worth as many pence as there 
are silver coins ; and the whole is worth 18*. How many 
are there of each ? 

Ans. 6 silver and 18 copper, or 18 silver and 6 copper. 

6. Find a number such that if the square of this number 
be augmented by 5 times the number, and also by 6, the 
result will be 2. 

How must this question be modified so that the negative 
answers may become positive ? 

7. Divide the number 44 into two such parts that their 
product shall be 500. 

What does the imaginary value, obtained for the answer 
to this question, indicate ? What absurdity is there in the 
conditions of the question I 

117. We pass next to the solution of some questions 
involving two unknown quantities. 

1. There is a number which, being divided by the prod- 
act of its two digits, the quotient is 2, and if 27 be added 
to it, the digits will be inverted. What is the number ? 
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Let X and y be the digits ; then 10 a; -f- ^ = the nam« 
ber. 

From the first condition, 

Hj±Jf = 2,orlOa: + y = 2a:y (1). 

From the second condition, 

10a; + y + 27= lOy + x; 
or, a;-j-3 = y (2). 

Substituting next the value of ^ in (1), and resolving the 
equation which results, we obtain a; = 3, y = 6. The 
number is, therefore, 36. 

2. The sum of two numbers is 24, and the sum of theij 
squares is 306. What are the numbers ? 

Ans. 9 and 15. 

3. The difference between two numbers is 15, and the. 
square of the less is equal to one-half the greater. What 
are the numbers ? Ans. 18 and 3. 

4. The sum of two numbers is 10, and their difference 
divided by their product is equal to g. What are the num- 
bers ? Ans. 8 and 2. 

5. A grocer sold 80 lbs. of mace and 100 lbs. of cloves 
for £65 ; but he sold 60 lbs. more of cloves for £20 than he 
did of mace for £10. What was the price of a pound of 
each ? Ans. Mace 10*., cloves 5*. 

6. A rectangular field contains 60 square rods, and the 
sum of its sides is to their difference as 17 to 7. What are 
the lengths of the sides ? Ans. 12 and 5 rods. 

7. There is a number consisting of two digits, that in the 
unit's place being the greater. The aifference between the 
digits is 2, and if the number be divided by the product of 
its digits, the quotient wiP be 3. What is the number ? 

Ans. 24. 
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8. The sum of two numbers is to their difference as 13 to 
5, and if the greater be added to the square of the less, the 
sum will be 25. What are the numbers ? 

Ans. 9 and 4. 

118. The square root of a quantity, we have seen, is 
found by dividing its exponent by 2. Thus the square root 

of «• is a2j or a'. In like manner the square root of a' is a* 

and of a, or a\ is a* The square root, then, may be indi- 
cated by the fractional exponent ^. And, in general, the 

wth root of a quantity may be indicated by the fraction -. 

This last mode of notation is, in general, most convenient. 

The preceding method is applicable not only to equations 
of the second degree, but to all equations of the form 

in which the exponent of z in the first term is twice that in 
the second. We give a few examples. 

1. Find the value of x in the equation a;* -j- 6 ar* = 135. 
Here the exponent of x in the first term is twice that in the 
second. The left-hand member may, therefore, be made a 
perfect square, and the root extracted as in the preceding 
examples. Performing the operations, we have 

x* + 62^ + 9=zlU 
a:» + 3 = ± 12 
r'=9 
a;=±3. 

2. Find the value of x in the equation 

a: — 4 x* = 12. 
Completing the square, 

a:_4a:^ + 4=al6. 
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Extracting the root, z* — 2 = ± 4 ; 

whence a:^ = 6, 

and z = 26. 

3. Find the value of x in the equation 

(a; + 5)2 ^ 8 (re + 5) = 209. 
Here, also, the exponent of the quantity enclosed in the 
parenthesis in the first term is twice the exponent of the 
same quantity in the second ; whence, completing the square, 

(X -f 5)« + 8 (a: + 5) + 16 = 225; 
extracting the root (z + 5) + 4 = i 15, 
and a: = 6, or — 24. 

4. Find the value of x in the equation 

a:* — 10 a:« = 375. 

Ans. a;i=s5. 

5. Find the value of x in the equation 

(X 4- 12)i^ + (x+ 12)i = 6. 

Ans. a: = 4, or 69 



SECTION XII. — Indeterminate Problems. 

1 19« In order that a question may he capahle of solu- 
tion, it should furnish as many distinct equations as there 
are unknown quantities to be determined. When this is not 
the case, the question is said to be indeterminate. 

Let there be the following question : 

To find two numbers such that their sum may be equal 
to 10. 

Let X and y be the numbers ; then, 
a: + y = IC. 
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Here there are two unknown quantities to oe determined, 
while the question furnishes hut one equation. The precise 
numbers intended in the question are not sufficiently defined, 
and the question is, therefore, indeterminate. 

If we are at liberty to assign, at pleasure, a value to one of 
the unknown quantities, the question for this value becomes 
determinate, and the corresponding value of the other un- 
known quantity may easily be derived from the equation. 

Let it, then, be asked, what are all the values of x and y 
that will satisfy the equation and the enunciation from 
which it is derived ? 

If by this question all possible values of x and ^, positive 
or negative, entire or fractional, are meant, there will be no 
limit, it is evident, to their number, or the answers which 
may be obtained. But if, as is usually the case, entire and 
positive values only are intended, the number of answers 
will be comparatively few. 

From the equation, we have a: = 10 — y. 

Let us now put successively for y the entire and positive 
numbers between and 10, and deduce the corresponding 
values of x. We shall thus obtain, it is evident, all the pos 
sible solutions of the proposed in entire and positive numbers. 

If y= 1,2, 3, 4, 5, 6, 7, 8, 9, 

then a; = 9, 8, 7, 6, 5, 4, 3, 2, 1. 

But the four first and the four last of these solutions are 
evidently the same. The question, therefore, admits of five 
different solutions, and five only, in entire and positive 
numbers. 

190. That part of algebra which relates to the solution 

of indeterminate problems is called Indeterminate Analysis. 

It is one of the most interesting branches of the subject, and 

most fertile in important results. We shall solve a few 

19 
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simple questions, in which the numbers are required to be 
entire and positive, in order to give some idea of it. 

Ex. 1. It is required to divide the number 25 into two 
parts, one of which may be divisible by 2, and the other by 3. 

Let z = the quotient of the part divisible by 2, and y = 
the quotient of the part divisible by 3 ; the parts will then 
be represented by 2 a; and 3 y, respectively, and we have 

2a: + 3y = 25. (1) 
From which we obtain 2 2; = 25 — 2y ; 

, 25 — 3y 

whence x = ^ — - ; 

and, performing the division as far as possible, 

or, changing the signs in the last term so as to make y posi 

V 1 

tive, a: = 12 — y — ^-^ — . 

Here, since, by the question, x and y are entire numbers, 

y 1 

and 12 is an entire number, ^— ^ — must be an entire num- 

ber, or y — 1 must be exactly divisible by 2. Let us put z 
for the quotient of this division ; then 

y— 1 = 22:; 
whence y = 2 z -|- 1, (2) 

and, by substitution, a: c=: 11 — 3 z. (3) 

Now, since x must be positive as well as entire, 3 z, it is 
evident, must not exceed 11, and, by consequence, z can 
have no value greater than three. We shall obtain, then 
from the equations (2) and (3), all the values which, from 
the nature of the question, x and y admit, by assigning to 2 
the entire and positive numbers from to 4, the being 
included. 

If we put z=^\ z = 1, z a=s 2, z = 3, 
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Aen y= 1, y = 3, y = b, y = l, 

•a; = 11, a: = 8, x = b, a; = 2. 
The question, therefore, admits of 4 different answers, 
and four only. These are, 

1. 22 + 3, 2. 16 + 9, 3. 15 + 10, 4. 21 + 4. 
Ex. 2. It is required to pay a debt of 58 francs with 
pieces of 3 francs and 4 francs, without any other money 
In how many ways can it be done ? 

Putting X and y for the pieces, respectively, the question 
admits of four answers, as follows : 

1st. 2d. 3d. 4th. 
y= 1, 4, 7, 10, 
a: =18, 14, 10, 6. 
Ex. 3. A sum of 37 dollars was distributed among some 
poor persons, men and women ; each woman received $2, 
and each man $3. How many men and women were there ? 
Putting X for the number of women and y for the number 
of men, the question admits of 6 answers, as follows : 
1st. 2d. 3d. 4th. 5th. 6th. 
y= 1, 3, 5, 7, 9, 11, 
a: =17, 14, 11, 8, 5, 2. 
Ex. 4. To divide 100 into two such parts that if the first 
oe divided by 5, the remainder will be 2 ; and if the second 
be divided by 7, the remainder will be 4. • 

Let X be the quotient arising from the division of the first 
part by 5 ; then the first part will be 5 a; -|- 2. In like 
manner, the other part will be 7 y -f* 4, and we shall have 
5a: + 2 + 7y+4=100 

bx + ly = 94: (1) 

2y — 4 



a; = 18 — y ■ 



5 



.=.,s_,_£(|i=J>.« 
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Here it is necessary that 2 {y — 2) should he divisible 
by 5. Bat, as the factor 2 is not divisible by 5, nor is it a 
factor of 5, the remaining factor y — 2 must be divisible by 
5. Putting 2r, as before, equal to the quotient of this division, 
we have y — 2 = 5 z, ^ 

whence 2;= 18 — y — 2z 

y = bz+2 (3) 
X = 16 — Iz. (4) 
It is evident that z here must not exceed 2. Putting z 
successively = 0, 1, 2, we have 

for 2: s= 0, 2? = 1, z = 2 
y= 2, y = 7, y=12 
a: =16, a: = 9, x= 2. 
Thus the question admits of three diflferent answers, and 
of three only, and the parts are 

1. 82 + 18, 2. 47 + 53, 3. 12 + 88 
131* In the following examples, the learner will be care- 
ful to take out the factor found in the last term of each of 
the equations corresponding with the equation marked (2) in 
the example above. 

1. Two women have together 100 eggs ; one says to the 
other. When I count my eggs by sevens, there is an overplus 
of 5. The second replies, When I count mine by tens, there 
is an overplus of 8. How many had each ? 

Ans. One had 82 and the other 18 ; 
or, one had 12 and the other 88. 

2. In how many ways can a debt of 151 livres be paid, 
by paying pieces of 11 livres, and receiving in exchange 
pieces of 7 livres ? 

Ans. The number of ways is without limit. For the first 
we have 15 of the one, and 2 of the other. 

3. A person bought some sheep and lambs for 253 
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ibillings* the sheep cost 13 and the lambs 5 shillings 

apiece. How many did he buy of each ? 

Ans. 1 sheep and 4d lambs, or 6 sheep and 35 lambs, &c. 

4. A lady purchases some articles at a store, amounting 
to $1.07. She has 20 cent pieces only, and the shop- 
keeper has 3 cent pieces only. In what way can she best 
pay for her purchase ? 

Ans. By paying 7 pieces of 20 cents, and receiving in 

exchange 11 of 3 cents. 

5. A gentleman has a piece of work to be done for which 
he is willing to pay 29 shillings, but is obliged to employ 
laborers at two different prices, viz., at 5 shillings and 9 
shillings a day. In how many ways can he employ laborers 
at these prices to do the work ? 

Ans. In one way only. 

6. Is it possible to pay a debt of 71 shillings with pieces 
of 7 shillings and 13 shillings only ? 

Supposing it possible, let x = the number of pieces of 7 
shillings, and y = the number of pieces of 13 shillings ; then, 
7a:+13y = 71, (1) 

from which we obtain a: = 10 — y =-= — 

X =: 10 — y — z 

6y = 7z+l (2) 

, z+l 

y = ^ + 6" 

y = z +z' 

y = 7/-l (3) 

a: =12 — 13/. (4) 
Here no values, positive or negative, can be given to z 
that will render x and y both positive. 
19* 
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It is impossible, therefore, to pay the debt in the mannet 
proposed. 

The coefficient of y in equation (2) being greater than 
unity, an additional auxiliary unknown z' has to be em- 
ployed. In general, the use of these auxiliary unknown 
quantities must be continued, until the coefficient of that 
before the one last employed shall become equal to unity. 

7. A company of men and women club together for the 
payment of a reckoning ; each man pays 19 shillings and 
each woman 16 shillings, and it is found that the women 
together pay 1 shilling less than the men. How many men 
and women were there ? 

Ans. 11 men and 13 women, &c. 

8. A merchant purchases some pieces of cloth of two 
different kinds for $185, giving $11 a piece for the first kind, 
and $13 a piece for the second. How many pieces of each 
kind did he purchase ? 

Ans. 5 of the first and 10 of the second. 

9. A coiner has gold of 15 and of 20 carats fine. How 
many ounces must he take of each, that the mixture may be 
18 carats fine ? 

Let X = the number of ounces of 15, and y = the 
number of 20 carats fine ; then 15 a: -f- 20 y = 18 (a: -f- y). 
Ans. 2 of 15 and 3 of 20, or in like proportions. 

10. A merchant has two kinds of teas ; one is worth 37 
cents and the other 63 cents a pound. How much must he 
take of each, that the mixture may be worth 46 cents a 
pound? 

Ans. 17 of the first and 9 of the second, &c. 

11. A farmer has wheat at 15 shillings and at 22 shillings 
a bushel. How much must he take of each to make a mix- 
ture worth 17 shillings a bushel ? 

Ans. 5 of the first and 2 of the second, kc. 
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The questions solved by the rule of Alligation Alternate 
in Arithmetic belong to the Indeterminate Analysis. The 
three last examples are sufficient to show how questions of 
this kind are performed, when the components of the requirea 
quantity are limited to two. 

133. We add the following question : 

Two bodies set out, at the same time, from a given point 
in the circumference of a circle, and move upon it with dif- 
ferent velocities in the same direction ; when will they again 
be together? 

Let v' and v be the velocities, or spaces passed over in the 
unit of time, by the two bodies, respectively, o' being greater 
than t?. Let the length of the circumference be represented 
by c, and let x be the time in which the bodies will again be 
together. Then the spaces passed over by the two bodies in 
the time x will be ©' a: and v a;, respectively. Now, in order 
that the two bodies may again be together, it is necessary, 
and it is sufficient, that the body which moves with the 
greater velocity should pass over an exact number of circum- 
ferences 4" the space passed over in the same time by the 
other body. We shall have, therefore, n representing any 
entire number, 

t?' a: = w c -|- ^ ^1 

whence x = —, . 

V — V 

Ex. 1. The hour and minute hands of a watch are 

together at 12 o'clock. When will they again be together ? 

Regarding the hour as the unit of time, we shall have 

v' = 60, © = 5, and c = 60. The formula for ar, in this 

particular case, will be, therefore, 

«60 
^ = -55- 



Pktfdng m soceesBiTelj = 1, 2, 3, &c^ we obCun the 
values of X leqaiied. 

A^is. In 1^, 2^, 3^, &c^ hocus. 

Ejt. 2L Two men start together finom the same point, and 
trarel loond an isfamd '73 mfles in circwnference. A trayeJs 
5 miles and B 3 miles an hour. When will the j again be 
together ? Aics. In 36^, '33, 109^, &c^ hoar* 



SECTION XIII.— Thecat of Logasithms. 

ISS. Yarioos expedients hare been doTised to abridge 
tile labor of numerical calculations. Among these, the most 
remarkable is the inrention of logarithms. 

To give an elementary riew of this subject, we write in 
one line the diflerent powers of the number 2, for example, 
and in another line, aboTe them, the exponents of these 
powers. It being recollected, moreover, that 2®, or that 2 
with zero for its exponent, is equivalent to unity, we place 
unity for the first term in the series of powers, and for the 
corresponding exponent, thus : 

0,1,2,3, 4, 5, 6, 7, 8, 9, 10.... 

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024 .... 
The first of these two series, it will be perceived, is a 
progression by difierence, the ratio of which is 1, and the 
second is a progression by quotient, the ratio of which is 2. 
It will be seen, also, that the addition of the exponents cor* 
responds to the multiplication of the powers or numbers 
to which they belong, and the subtraction of the exponents 
to the division of these numbers. Thus, if we add together 
the exponents 3 and 5, the number 8 which results will be 
the exponent of 256, the product of 8 by 32, the numbers tc 
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tvhich the exponents 3 and 5 belong, respectively. In like 
manner, if we subtract the exponent 6 from the exponent 10 
the number 4 which results is the exponent of 16, or the 
quotient of 1024, the number corresponding to the exponent 
10, by 64, the number corresponding to the exponent 6. 

It is easy, then, to see that if the second series, or series 
of powers, were so enlarged as to comprehend all possible 
numbers, and the series of exponents were also extended to 
correspond with them, we might, by aid of the two series, 
make addition take the place of multiplication, and subtrac- 
tion that of division. 

Such a double series of numbers is called a system of 
logarithms^ and, when conveniently arranged in tables, a 
table of logarithms. The exponents are called the loga- 
rithms of the numbers to which they respectively belong; and 
the invariable number, raised to successive powers, in 
forming the system, as the 2 in the example above, is called 
the hose of the system. 

Can we form such a system ? Can we, for example, by 
raising 2 to suitable powers, generate all possible numbers ; 
or, conversely, regarding all numbers as derived from 2, 
raised to the requisite powers, can we find the exponents of 
these powers ? 

The solution of this question gives rise to an equjition of 
a different form from any we have hitherto considered. 
Thus, to take a particular case, suppose that 7 is considered 
a power of 2, what is the exponent of this power ? The 
question gives rise, it is evident, to the equation 

2' = 7, 
m which the unknown quantity is an exponent. This is 
called an exponential equation. 

We must limit ourselves to the remark that the equation 
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is susceptible of solution, and that the value of x may be 
determined, either exactly or with such degree of approxi- 
mation as we please. 

Below we have written a table of numbers, from 1 to 
30 inclusive, and by the side of them the exponents of the 
powers to which the number 2 must be raised, in order to 
produce these numbers. 



Log. N.| Log. 



0.0000 
1.0000 
1.5849 
2.0000 



11:3.4594 
123.5849 
13 3.7000 



14 



2.3219 15 



3.8073 
3.9065 



2.5849|16 
2.8073 17 
3.0000,18 
3.1699 19 
3.3219.20 



4.0000 
4.0874 
4.1699 
4.2479 
4.3219 



N. 



21 

22 

23 

244 

254 



26 



284 



Log. 



4.3922 

4.4594 

4.5235 

.5849 

.6438 



4.7000 



274.7548 



.8073 
4.8577 
4.9065 



This is called a table of logarithms; the numbers are 
written in one column, and the exponents or logarithms, 
calculated to four places of decimals, are written by their 
side. 

Let it be required to multiply 3 by 9. From the table 
we find 1.5849 = log. 3 

3.1699 = log. 9, 



and, by addition, 4.7548 = log. 27, the answer. 

Instead of 2, we might have taken for the base of the 
system any other convenient number, 3, for example. Writ 
log as above a few of the powers of 3, we have 

0,1,2, 3, 4, 5, -6, 7, 8, 9... 

1, 3, 9, 27, 81, 243, 729, 2187, 6561, 19683 . . 
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This system will be found to have the same properties 
with the first, which has 2 for its base. 

Let it be required, for example, to multiply 729 by 27. 
We have 6 = log. 729 

3 = log. 27, 
and, by addition, 9 = log. 19683, the answer. 

134L« Let a represent generally the base of a system of 
logarithms, and N any number in the system ; we shall 
have the general equation, a* = iV, in which the value of x 
is to be determined for all possible values of N. 

In this equation, x is the logarithm of N. And, in gen- 
eral, the logarithm of a rmmber is the exponerU of the poiver 
to which it is necessary to raise an invariable number taken 
as a base, in order to produce the number. 

Supposing a table of logarithms formed by means of this 
equation, we will now demonstrate the properties which 
these logarithms possess. 

Let us designate by NfN,N\., any numbers whatever 
and by x, x\ af' . , . their logarithms ; we shall have the 
series of equations 

a' =N,a''=^ N, a"' = N' . . . 
Multiplying next these equations member by member, 

«' X a" X a*" . . . = ^ X iV" X JV" . . ., 
or «'+*'+'" ==:J[VJ\rjV^'. 

Now, for the same reason that x is the logarithm of iV, 
xJ^x' +3f' will be the logarithm of NN N\ In aU 
cases, therefore, we have this principle : 

The logarithm of a prodwct is equal to the sum of the 
logarithms of the factors of this product, 

A multiplication, then, being proposed, if we take from the 
table the logarithms of the numbers to be multiplied, the sum 
of these will be the logarithm of the product sought. Seek- 
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logarithms, we multiply the logarithm of the proposed by 
die exponent of the power to which it is to be raised; the 
number in the table corresponding to this product will be 
the power sought. 

Again, let it be required to find the mth root of a number 
N, We have, as before, 

a' = K 

Taking the mth root of both members, 

f. L L z \og.N 
a"* = N""; whence loff. iV"* = — = . 

That is, the logarithm of the root of any degree of a num» 
her is equal to the logarithm of the rvumber divided by the 
index of the root, 

ISS. The properties above are altogether independent 
of the base ; we may take, therefore, as we have before said, 
any number we please, with the exception of unity, for the 
base of a system of logarithms. 

The number 10, however, is found in practice to be the 
most convenient base. To calculate this system, we have 
to calculate the value of x in the equation 10* == iV, for all 
the numbers we wish to place in the system. 

Taking a few of the first powers, we have 

a: = 0, 1, 2, 3, 4, 5.... 

iV= 1, 10, 100, 1000, 10000, 100000 .... 

From this it will be seen that in the system, the base of 
which is 10, 

1®. The logarithms of numbers between 1 and 10 will be a 
fraction. 

2®. The logarithms of numbers between 10 and 100 will 
be 1 and a fraction ; between 100 and 1000, 2 and a frac- 
tion, and so on. 

The logarithm of 3, for example, calculated in this sys- 
20 
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tern, is 0.477121 ; that of 15 is 1.76091 ; that of 120 is 
2.079181, and so on. 

In general, it will be seen that the figure in the entire 
part of the logarithm is one less than the number of figures 
in the number. Thus, if the number consists of two figures, 
the number in the entire part of the logarithm will be 1 less 
than 2, or unity ; if the number consists of three figures, it 
will be 1 less than 3, or 2, and so on. 

This entire part is called the characteristic of the loga- 
rithm. And, as it is easy, from the principle above, to 
determine the entire part from the number, and the number 
of figures in the number from the entire part of the loga- 
rithm, it is usual to omit the characteristics in the table, to 
save the room. 

Since the logarithm of 10 is 1, that of 100 is 2, and so on, 
it follows that the logarithm of a number multiplied by 10, 
100, . . . will be 1, 2, . . . units greater than the logarithm of 
this number. Thus, the logarithm of 5 being 0.698970, the 
logarithm of 10 times 5, or 50, is 1.698970, that of 100 times 
5, or 500, is 2.698970, and so on. The decimal part of the 
logarithm will, therefore, be the same for this number, or 
for its product or quotient by 10, 100, and so on. This is 
one of the principal advantages of the system of logarithms, 
the base of which is 10 ; since we have frequent occasion to 
multiply or divide numbers by 10, 100, and so on, operations re- 
duced in this case to the simple addition or subtraction of units. 

136. It is usual to accompany tables of logarithms with 
sufficient explanations of the mode of using them. We add 
a single explanation here. 

Let it be proposed to find, for example, the logarithm of 

75 

Ygg. The logarithm of 75 is 1.875061 ; that of 100 is 

2.000000. Subtracting the latter from the former, we have 
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«— 124939 = log. j^. But this logarithm, which is alto- 
gether negative, is inconvenient in practice, and a mora 
convenient one is to be sought. 

The fraction j^ returns to ^^ X 75 ; whence 

'og. .75 = log. T*Tr + log. 75 = — 2 + 1.875061 = — 
\ -f- 875061; or, placing the sign — over the 1, to show 
that the characteristic only is negative, 1.875061. 

This, it will be perceived, is only a continuation of the 
principle already enunciated, according to which the loga- 
rithm of a number 10, 100, .. . times less than the proposed 
number, is found by' subtracting 1, 2, . . . units from the 
characteristic. 

Thus the logarithm of 750 = 2.875061 ; whence 

log. 75 = 1.875061 

log. 7.5 = 0.875061 

log. .75=1.875061 

log. .075 = 2.875061 

log. .0075 = 3.875061 
In general, the negative characteristic of the logarithm of 
a decimal fraction has for its numerical value a number of 
units equal to the number which marks the place of the 
first significant figure of the fraction from the place of units. 
Supposing the learner furnished with a table of logarithms, 
we will now give some examples of their use. In the table! 
we employ, the logarithms are calculated to the sixth deci 
mal place inclusive. 

1. Let it be required to multiply 863 by 429. 

log. 863 = 2.936011 

log. 429 = 2.632457 



5.568468. 
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This logarithm is not found in the tables. It is comprised 
however, between 5.568436, the logarithm of 370200, and 
5.568554, the logarithm of 370300. The difference between 
these two logarithms is 118; the difference between the less 
of these logarithms and the proposed is 32. We shall have, 
therefore, the following proportion, 

118 : 100 : : 32 : 27, nearly. 
Adding 27 to 370200, the number corresponding to the less 
logarithm, we have 370227 for the answer. 

2. Divide 173052 by 253. 

The numbers in the tables extending only to 10000, the 
logarithm of the dividend is not contained in them. It can, 
however, be easily found. The nearest number to it, con- 
tained in the tables, is 1730. We regard, then, for the 
moment, the proposed as 1730.52. The logarithm of this 
last is comprised between the logarithms of 1730 and 1731 

52 

The difference between these two logarithms is 251 ; -tzt^ 

lUU 

therefore of this difference, added to the logarithm of 1730, 

will give the logarithm of 1730.52, nearly; thus, b^. 

1730.52 = 3.238177; whence, adding two units to Hi » 

last to obtain the logarithm of the proposed, we have 

log. 173052 = 5.238177 

log. 253 = 2.403121 

log. 684, Ans. 2.835056. 

3. Multiply .735 by .0087. 

log. .735=1.866287 
log. .0087 = 3.939519 

log. .0063945, Ans. 3.805806. 

4. Divide .053 by 797. 
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log. .053 = 2.724726 = 3 + 1.724276 
log. 797= 2.901458 

log. .0000665, Ans. 5.822818. 

To render the subtraction required in this example possi« 
Die, we change the characteristic 2 into 3 -j- 1, which has 
the same value ; this furnishes a ten to be joined with 7 fol 
the subtraction of 9, the left-hand figure of the decimal part. 
A similar preparation, it is evident, must be made in all 
cases of the kind. 

5. To find the 5th power of .125. 

log. .125 = T.096910 
5 



log. .000030519, Ans., nearly. 5.484550. 

6. To find the third root of .0375. 

The logarithm of .0375 is 2.574031. The negative 
characteristic, 2, of this logarithm, is not divisible by 3, the 
index of the root required ; neither can it be joined to the 
positive part, on account of the diflferent sign. But, if we 
add — 1 -f~ 1 to the characteristic, which will not alter its 
value, it becomes 3 -|- 1 ; the negative part is then divisible 
by 3, and the 1, being positive, may be joined to the fractional 
part. 

Thus log. .0375 = 2.574031 == 3 + 1.574031 ; 
whence, dividing by 3, we have 1.524677 = log. .334716, 
the root required. 



SECTION XIV. — Compound Interest. 

137* One of the most important applications of loga 
rithms is to questions upon the interest of money. 
20* 
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interest is of two kinds, simple and compouTid, If interest 
is paid upon the principal only, it is called, as we have seen, 
simple interest ; but, if the interest, as it becomes due, is 
added to the principal, and interest is paid upon the whole, 
it is then called compound interest. 

We have already investigated rules for simple interest ; 
we will now do the same for compound interest. The gen- 
eral problem may be stated as follows : 

To determine what sum a given principal p will amount 
to, in a number n of years, at a given rate r, at compound 
interest 

The amount of unity for 1 year will be 1 -{- r; that of ;i 
units, therefore, will be ^ (1 + ^)' 

For the second year, p (I -{- r) will be the principal, and 
Its amount will be p (1 + r) (1 + ^) ; or J9 (1 -f- r)\ 

In like manner, the amount at the end of the third year 
will be ^ (1 -|- r)\ at the end of the fourth, ^ (1 -j- r)S and 
so on. 

Let us put A for the amount at the end of the n years 
then il=;?(l+r)». (1) 

This is a general formula for compound interest, accord- 
ing to which, to find the amount, toe multiply the principal 
by the rate increased by unity ^ and raised to a power denotea 
by the number of years. 

These operations, especially that of finding the requisite 
power when the number of years is large, will be much 
facilitated by the use of logarithms. 

If we take the logarithms of both sides of the formula (1) 
we have, log. A = log. p -{- n log. (1 -^-r). 

Ex. 1. What will be the amount of $5000 in 40 years 
at 4 per cent., compound interest ? 

By the formula, log. A = log. 5000 + 40 log. 1.04 

Ans. S24007.90. 
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Ex. 2. What will be the amount of $375 in 10 years, at 
6 per cent., compound interest ? Ans. $671.57. 

Ex. 3. What will be the amount of $763 in 6 years, at 
5 per cent., compound interest ? Ans. $1022.49. 

138. The equation A=p{l + r)" contains four quan- 
tities, 4, pi r and n, any one of which may be determined 
when the others are known. It gives rise, therefore, to four 
different questions. 

1°. To determine A, when p, r, and n, are given ; or, the 
priricipal, rate and number of years being given, to fivd the 
amount. 

This question we have already solved. 

2°. To determine p, when A, r, and n are given ; or, to 
find what principal, put at compound interest, tvUl amount to 
a given sum, in a certain number of years, at a given rate. 

Resolving the general equation with reference to p, we 

or, by logarithms, log. p = log A — n log. (1 -j- r). 

Ex. 1. What principal will amount to $350.95 in 4 
years, at 4 per cent., compound interest ? Ans. $300. 

Ex. 2. How much money must be placed out at com- 
pound interest to amount to $1000 in 20 years, the interest 
being 5 per cent. ? Ans. $376.89. 

3*. To determine r, when A, p, and n are known ; or, to 
f/nd at what rate a given sum Tmist be put at compound in- 
terest, in order to amount to another given sum in a given 
time. 

Resolving the general equation with reference to r, wc 

have (l+r) = "y/^; 

or, by logarithms, 
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log.(l + r)=!2il±=ll^^. 

Having, by means of this last, determined the value of 
I -|- ^i that of r will be easily found. 

Ex. 1. A capital of S3200, having been at compound 
mterest for 80 years, has amounted to $34050.84 ; at what 
rate per cent, was it put out ? Ans. 3 per cent. 

Ex. 2. A sum of $1350, having been at compound 
interest for 3 years, has amounted to $3562.79 ; at what rate 
per cent, was it put out ? Ans. 5 per cent. 

4®. To determine w, when A, p, and r are given ; or, to 
find for what time a given sum must he put at compound 
interest^ to reack^ at a given rate, a given amount. 

Making n the unknown quantity in the general formula, 

weobtain n^^^'f^T'^^^. 

log. (1 + r) 

Ex. 1. In what time will £500 amount to £900, at 5 
per cent. ? Ans. 12.04 years. 

Ex. 2. In what time will $200 amount to $238.20, at 6 
per cent. ? Ans. In 3 years. 

ISO. We close with the following question : In what 
time will a sum be doubled, tripled, &c., at compound 
interest ? 

To prepare a formula for this, let k denote 1, 2, 3 . . . then 
in the general formula we shall have il = Ar^, and we shall 
have kp=^p {\ -{-rY; 

whence n = -, —-; — r. 

log. (1 + r) 

Here w, it is evident, is independent oip; that is, whatever 
the sum put out, it will be doubled, tripled, &c., in the same 
time. 

Ex. In what time will a sum be doubled, at 6 per cent 
compound interest? Ans. In 11.895 years, nearly. 
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SECTION XV. — Praxis. 

130* The following examples may be employed as addi« 
lional exercises in the articles to which they are referred : 

Art. 2. Let the learner express in common language 
the reasonings necessary for the solution of the following 
questions : 

1. A farmer gave his laborers S96, paying each man $6, 
and each boy $2. There were as many boys as men. 
How many were there of each ? ': 

2. A boy bought as many pen-holders as writing-books, 
paying 3 cents for a pen-holder, and 6 cents for a writing 
book ; he expended in all 27 cents. How many of each did 
he buy ? :^ 

3. In a certain school there are 30 pupils in two classes, 
and the grammar class is twice as large as the reading class. 
How many pupils were there in each class ? / 

4. A man sold a knife for 50 cents, by which he- gained 
four times the cost. How much did it cost ? 

Art. 5. Exercises to follow question 33 : 

1. The sum of two numbers is 36, and one is half as 
large as the other. What are the numbers ? 

2. In an orchard of 5^ trees, there are one-third as many 
apple as pear trees. How many are there of each ? 

3. A and B enter into partnership, and gain $105. A 
put in a certain sum, and B three-fourths as much. What 
iS each man's share of the gain ? . . ' 

4. A person being asked his age, replied, " If from half 
my age you subtract one-fifth, the remainder will be 18." 
What was his age ? i i 

Art. 9. Exercises to follow question 5: 
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1. The sum of two numbers is 68, and the second is 7 
less than twice the first. What are the numbers ? < f • ^ - 

2. The sum of three numbers is 56 ; the second is 9 less 
than three times the first, and the third is 5 more than twice 
the first. What are the numbers ? / 1' — 2 * •- - 

3. If 8 be added to twice a certain number, and 12 be 
subtracted from three times this number, the sum and dif- 
ference will be equal. What is the number ^ 4 ( 

4. Two persons talking of their ages, the first says to the 
second, " My age is not so much by 14 years as three times 
yours, and if twice your age be subtracted from 100, the 
remainder will be equal to our joint ages." What was the 
age of each ? / 

5. A sum of money is to be divided between two persons, 
A and B, so that B shall have $10 more than twice as 
much as A. Now, if $90 be added to twice A's share, the 
sum will be equal to both their shares together. What was 
the share of each ? ' , ,' * '/ 

6. In a certain school, the second class contains four 
times as many pupils, wanting 5, as there are in the first 
class, and if the number in the third class, which is twice 
that of the first, be subtracted from 100, the remainder will 
be equal' to the number in the other two classes together. 
How many were there in each class ? 

Art. 11. Additional questions : 

1. A woman carrying her eggs to market broke one-fifth 
un the way ; while there, she sold three-tenths of her whole 
number, and still had 20 left. How many had she at first ? Cf] 

2. In a college one-fifth of the students are Seniors, one- 
fourth Juniors, three-tenths Sophomores, and there are 4C 
in the Freshman class. What is the whole number of 8ta« 
dents? ' ' t 
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3. A man uses one-third of his fann for pasture, on6- 
sixth is meadow, one-twelfth is woodland, and the remain- 
ing 20 acres he cultivates with the plough. How many 
acres has he in his farm ? Ij ^f^' 

4l, a shepherd has his sheep in two pastures. In the first 
there are two-thirds of his flock, wanting 20, and in the 
second, three-fourths, wanting 30, and there is the same 
number in each pasture. How many sheep has hel /^> N 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were drawn, and the cask being then 
gauged, was found to be half full. How much did it hold 1 1^- 

Art. 12. Exercises to follow question 21 : 

1. The sum of two numbers is 20, and twice the greater 

is equal to three times the less. What are the numbers ? / i 

2. A farmer has 96 sheep in two pastures, and three 
times the number of sheep in the larger pasture will be 
equal to five times the sheep in the other. How many 
sheep are there in each pasture ? J G - ;/ "^ 

3. Two men together spend $120. Five times the money 
A spends is equal to seven times the money B spends. 
How many dollars does each spend? ^ .> 

4. Find a number such that if 7 be added to it, and again 
5 be subtracted from it, three times the sum will equal four 
times the difference. ^ / 

5. Two men commence trade, each with the same sum ; 
A gains $50, B loses $40, when it is found that five times 
A's money is equal to seven times B's. What had each at 
first? ^ (:>T 

2. Exercises to follow those under question 22 : 
What will be the expressions for the remainder when the 
following subtractions are performed : 

1, z ■{- I subtracted from 3 x, " .^^ ;. ^ 



t ' 
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2. 21 4" 9 a; subtracted from 11a;. -i v .- 

3. 3 a; + 15 subtracted from 20. i" - j y: 

4. a: — 15 subtracted from x, 

5. 7 a; — 60 subtracted from 8 a; — 30. /. f ' 

6. 9 a: + 100 subtracted from 10 a: — 100. f, - \ 

7. 3 times x — 1 subtracted from 7 a:. /,' ,^ - 'j 

8. 7 times a: -}- ^ subtracted from 13 a: — 20. ^ \c - • 

9. 10 times 75 — 8 a: subtracted from 1240 — 4 ar. U- \ 

10. 6 times 90 — 3 a: subtracted from 720 — 5 a:. ' y ^ 

11. 3 (4 a: — 20) subtracted from (3 a: — 20). ^ o - v . 

12. 5 (3 a: — 25) subtracted from 7 (9 a: + 15). ^ ^ j 

BOSCELLANEOUS EQUATIONS OF THE FIRST DEGREE. 

131* Find the values of x and y in the following equa 
tions : 

, x — h , ^ 284 — a: 

1. — 7 [-6a;=: ■= — . Ans. a;=:9. 

2. a; -j 5 — == — - — . Ans. a; s= 6. 

4a: + 3 , 7a: — 29 _ 8g+19 
^\ 9 ■♦"5a:— 12~ 18 ' 

Ans. a; s=r 6. 

4. (a:— 24)* = a;* — 2. 
Squaring both sides, 

a: — 24 = a: — 4a:* + 4; 

ivhence a;^ t= 7, and a; ss 49. 

5. (4 a: + 12)* = 16. Ans. x e= 61. 

6. (12 + a;)^ = 2 + a;* Ans. a:. = 4. 

7. (4:c + 21)* = 2a:*+l ANS.ar = 25. 
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a {z — 32)^=16— z^. 
9. 12 — a::|::4:l. 



Ans. a;s=:81. 
Ans. z = 4u 



,^10 + a:4a:— 9 ^._ . 

10. — 5- — • s : : 14 : 5. Ans. X = 4. 

O 7 

17 _ 4 a: 15 + 2a; ^ - ^ 

11. — I — : — ^- 2 a::: 5: 4. 

Ans. a; = 3. 

12. a? + 1 : y : : 5 : 3 
2a: ' 



l:y::5:3 ) 

5 — y _41 2g— 1 [ 

2 ""12 4 •) 



13. 



Ans. a: = 4, y s 3. 
z^2 10 — z y— 10 ^ 
5 3 "" 4 ' 

2 y + 4 _2£+y _ a:+13 
3 8 ~ 4 \ 

Ans. a; = 7, y = 10. 



MISCELLANEOUS EQUATIONS OF THE SECOND DEGREE. 

133* Find the values of z and y in the following 
equations : 

1. a: + y = 10 



y=10 ) 
a;y =: 21. ( 

2. z — y= 4 j 

zy = 45, ) 

3. 5a: + 3y==66 ) 
r = 63. { 



zy: 
:z: 

iy-\'f. 



4. a: + y : a: : : 7 : 5 ) 
' " 126. \ 



5. ^ J^y^ \x^ — y* : :'4 : 1 \ 

zy = fi25. ) 

6. 2^4- zy = 12 ) 
y'-f a:y = 24.J 



Ans. a: = 7, 

y = 3. 

Ans. a; = 9, 

yssS. 

Ans. a: = 9, 

y = 7. 

Am. x=s± 15, 

y = d= 6. 

Ans. a; = ± 25, 
y=x± 9. 



21 



242 ELEMENTART ALGEBRA. 

Adding the two equations, 

Extracting the square root of both sides, 

Substituting in the first equation 6 for ;c -f* y» 
6 a: =12; 



vhence 

7. ^ — xys 
xy — f: 

8. a? + a:y 
xy + y' 


= 21 ) 
= 12. 
= 60 ) 

= 84 


2 and y = 4 


Ans. 
Ans. 


1 = 7. 
y = 4 
x = 5, 
y=7. 


9 '^ - 
"• a:+60 

io.i«-3 


7 

X ix 
in 


Ans. x = 
-^ — . Ans. X 


= 14 or — 10. 
= 2, or llAf. 



11. a; + 5 — (a: + 5)* = 6. Ans. a: = 4, or — 1. 

12. a: + 16 — 7 (a; + 16)* = 10 — 4 (a: + 16)*. 

Ans. a: = 9, or — 12. 

MISCELLANEOUS QUESTIONS. 

133* I. Qtiesticms prodtidng Equatiojis of the First Degree, 

1. A person bought two casks of beer, one of which held 
exactly three times as much as the other. From each of 
these he drew four gallons, and then found that there were 
four times as many gallons remaining in the larger as in 
the other. How many were there in each at first ? 

Ans. 36 and 12 gallons respectively. 

2. A merchant has wines at 9 shillings and at 13 shil 
iings a gallon, and he wishes to make a mixture of 100 gal- 
lons, that shall be worth 12 shillings a gallon. How many 
gallons of each must he take ? 

Ans. 25 gallons at 9;. and 75 at 13f. 
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3. A person at play won twice as much money as he 
began with, and then lost 16 shillings. After this, he lost 
four-fifths of what remained, and then won as much as he 
began with; and, counting his money, found he had 80 
shillings. What sum did he begin with ? 

Ans. 52 shillings. 

4. Two boys standing on opposite banks of a river, the 
breadth of which they wished to ascertain, A first shot an 
arrow across the river, and it flew 13 yards beyond the 
bank on which B stood. B then took it up, and from the 
place where it had fallen, shot it back across the river ; it 
now fell 9^^ yards beyond the bank where A stood. They 
afterwards found that 8 times the distance A shot, and 7 
times the distance B shot, would, together, be just equal to 
one mile. What was the breadth of the river ? 

Ans. 100 yards. 

5. A courier passing through a certain place A, travels at 
the rate of 13 miles in 2 hours ; 12 hours afterward, another 
passes through the same place, travelling the same road, at 
the rate of 26 miles in 3 hours. How long and how far 
must he travel before he overtakes the first ? 

Ans. 36 hours and 312 miles. 

6. Two persons, A and B, agree to purchase a house 
together, worth $1200. Says A to B, Give me two-thirds 
of your money and I can purchase it alone ; but says B to 
A, If you give me three-fourths of your money, I shall be 
able to purchase it alone. How much had each ? 

Ans. a $800, B $600. 

7. From a company of ladies and gentlemen, 15 ladies 
retire ; there are then left 2 gentlemen to each lady. After 
which, 45 gentlemen depart, when there are left 5 ladies 
10 each gentleman. How many were there of each at first ? 

Ans. 50 gentlemen and 40 ladies. 
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8. A and B speculate with different sums. A gains 
£150, B loses £50 ; and now A*s stock is to B's as 3 to 2. 
But had A lost £50, and B gained £100; then A's stock 
would have been to B's as 5 to 9. What was the stock of 
each ? Ans. A's £300, B's £350. 

9. A father divides his property between his two sons. 
At the end of the first year, the elder had spent one-quartei 
of his, and the younger had made $1000, and their property 
was then equal. After this, the elder spends $500, and the 
younger makes $2000, when it appears the younger has 
just double the elder. What had each from the father ? 

Ans. The elder $4000, the younger $2000. 

10. Two pieces of cloth of equal goodness, but of differ- 
ent lengths, were bought, the one for £5, the other for £6 
10*. Now, if the lengths of both pieces were increased by 
10, the numbers resulting would be in the proportion of 5 
to 6. How long was each piece, and how much did they 
cost a yard ? Ans. 20 and 26 yards, and the price is 5f . 

11. Three persons. A, B, and G, together possess $3640. 
If B gives A $400 of his money, then A will have $320 
more than B ; but if B takes $140 of G's money, then B 
and G will have equal sums. How much has each ? 

Ans. a $800, B $1280, G $1560. 

12. A number is expressed by three figures. The sum of 
these figures is 11 ; the figure in the place of units is double 
that in the place of hundreds ; and when 297 is added 
to this number, the order of the figures will be reversed. 
What is the number? Ans. 326. 

II. Questions producing Equations' of the Second Degree. 

1. A gentleman had occasion to hire 16 boys and 21 girls. 
Each girl received four-fifths as much as a boy. The num- 
Der of days they worked was equal to one-tenth of a boy'a 
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4aily wages. At the end of the term, the gentlemen paid 
^em $82. Eeqaiied their wages, and the number of days 
\hey worked. 

Ans. 9oys, 50 cts., girls, 40 cts. And they worked 5 days. 

2. A and B carried 100 eggs between them to market, 
&nd each received the same sum. If A had carried as many 
as B, he would have received 18 pence for them ; and if B 
bad taken only as many as A, he would have received only 
B pence. How many nad each ? 

Ans. a had 40, and B 60. 

3. Two partners, A and B, gained $60 in trade : when, 
dividing their gain, B took $20 for his share. A's money 
continued in trade 4 months, and if the number 50 be 
divided by A's money, the quotient will give the number of 
months that B's money, which was $100, continued in 
trade. What was A's money, and how long did B*s money 
continue in trade ? 

Ans. A's money was $50, and B*s money was one month 
in trade. 

4. There is a number consisting of two digits, which 
being multiplied by the digit on the left hand, the product is 
46 ; but if the sum of the digits be multiplied by the same 
digit, the product is only 10. Required the number. 

Ans. 23. 

5. In a right-angled triangle the hypothenuse or longest 
side is 10 feet, and the area is 24 square feet. What is the 
length of the other two sides ? 

Note. In solving this and other similar questions, it will 
be recollected that the square of the hypothenuse is equal 
to the sum of the squares of the other two sides, and the 
area is equal to one-half the product of these sides. 

Ans. The sides are 8 and 6 feet, respectively. 
21* 
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6. A flag-staff erected on level ground is 117 feet m 
height. A rope, 125 feet long, is extended from the top of 
it to the ground. At what distance from the foot of the 
staff does the rope reach the ground ? Ans. ± 44 feet. 

How shall we interpret the negative answer to this ques 
tion? 

If we suppose the rope to he 100 feet in length, an imag- 
inary result is obtained. What absurdity in the question 
leads to this result ? 

7. The captain of a privateer, descrying a trading vessel 
7 miles ahead, sailed 20 miles in direct pursuit of her ; and 
then observing the trader steering in a direction perpendicular 
to her former course, changed his own course, so as to over- 
take her without making another tack. On comparing their 
reckonings, it was found that the privateer had run at the 
rate of 10 miles an hour, and the trading vessel at the rate 
of 8 hours in the same time. Required the distance sailed 
by the privateer. Ans. 25 miles. 

8. A regiment of soldiers, consisting of 1066 men, is 
formed into two squares, one of which has four men more in 
a side than the other. What number of men are in a side 
of each of the squares ? Ans. 21 and 25. 

9. Two retailers jointly invested $500 in business, to 
which each contributed a certain sum ; the one let his money 
remain 5 months, the other only 2, and each received back 
J450 capital and profit. How much did each advance ? 

Ans. One $200, the other $300. 

10. A merchant bought some linen and muslin for $10.50, 
the whole number of yards being 50; and each cost as 
many cents per yard as there were yards of the other. How 
much of each did he purchase ? 

Ans. 35 or 15 of linen, and 15 or 35 of muslin. 
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11. Two drapers cut each of them a certam number of 
yards from a piece of cloth ; one, however, 3 yards less than 
the other ; and jointly receive for them $50. " At my own 
price," said the first to the other, " I should have received 
$25 for your cloth." "I must admit," answered the other, 
" that at my low price I should have received for your cloth 
no more than $16." How many yards did each sell ? 

Ans. The one 8, the other 5 yards. 

12. Two persons, A and B, jointly invested $2000 in 
business. A let his money remain 17 months, and received 
back in capital and profit $1710; the other allowed his 
money to remain 12 months, and received in capital and 
gain $1040. What was each partner's stock in trade ? 

Ans. One $1200, the other $800. 

13. A person dies, leaving children and a fortune of 
$46,800, which, by the will, is to be divided equally amongst 
them. It happens, however, that immediately after the 
death of the father, two of his children also die. If, in con- 
sequence of this, each remaining child receives $1950 more 
than otherwise entitled to by the will, how many children 
were there ? ' Ans. 8. 

14. A man had a field whose length exceeded its breadth 
by 5 rods. He gave 3 dollars a rod to have it fenced ; and 
the whole number of dollars was equal to the number of 
square rods in the field. Required the length and breadth 
of the field. Ans. 15 and 10 feet respectively. 

15. An uncle said to his nephew, I have in my mind a 
certain number of shillings, which I will give you, if you 
guess how many there are. Four times the number dimin 
ished by its square is equal to 5. What is the number ? 

Ans. The problem is impossible. 
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16. To divide the number 100 into two such parts that 
the sum of their square roots may be 14 

Ans. 64 and 36. 

17. A square court-yard has a rectangular gravel-walk 
around it. The side of the court wants 2 yards of being 6 
times the breadth of the gravel-walk, and the number ol 
square yards in the walk exceeds the number of yards in 
the periphery of the court by 164. Required the area ol 
the court. Ans. 256 yards. 

18. A body of men were formed into a hollow square, 3 
deep, when it was observed that, with the addition of 25 men 
to their number, a solid square might be formed, of which 
the number of men in each side would be greater by 22 
than the square root of the number of men in each side of 
the hollow square. Required the number of men in the 
hollow square. Ans. 936. 

19. The difference between the hypothenuse and base of 
a right-angled triangle is 6, and the difference between the 
hypothenuse and the perpendicular is 3. What are the 
sides ? Ans. 15, 12, and 9. 

in. Qitestions in Progressions, 

1. A person bought 7 books, the particular prices of which 
are in arithmetical progression. The price of the next above 
the cheapest was 8 shillings, and the price of the dearest, 
23 shillings. What was the price of each book ? 

Let X = the price of the cheapest, y = the common dif- 
ference. The equations of the question will then he x -j- y 
= 8, a; + 6 y = 23. Ans. '5, 8, 11, &c., shillings. 

2. There are three numbers in arithmetical progression. 
Their sum is equal to 18, and the product of the two 
extremes, added to 25, is equal to the square of the mean. 
What are the numbers ? 
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Let y = the common difference, and let x — y, x^x -^ 
V, be the numbers respectively. Ans. 1, 6, and 11. 

3. A number consists of three digits, which are in arith- 
metical progression ; and this number divided by the sum 
of its digits is equal to 26 ; but if 198 be added to it, the 
digits will be inverted. Required the number. Ans. 234. 

4. There are four numbers in arithmetical progression. 
The sum of their squares is equal to 276, and the sum ol 
the numbers themselves is equal to 32. What are the num- 
bers ? 

Let 2 y = the common difference, and let the numbers 
be X -\-3yfX-\-yyX — y, x — 3y, respectively. Then, 
by the first condition, 4 a:* + 20 j^ =?= 276 ; 
by the second, 4 a; 8=i 32. 

Ans. The numbers are 11, 9, 7, and 5. 

6. There are four numbers in arithmetical progression, 
the product of the extremes being 22, and that of the means 
40. What are the numbers ? Ans. 2, 5, 8, and 11. 

6. After A, who travelled at the rate of 4 miles an hour, 
had been set out two hours and three-quarters, B set out to 
overtake him, and in order thereto, went four miles and a 
half the first hour, four and three-quarters the second, and 
so on, gaining a quarter of a mile every hour. In how 
many hours would he overtake A ? 

Let X = the number of hours. By the formulas for pro- 
gression by difference. Art. 74, we obtain, for the Whol« 
number of miles B travelled, 

(9 + (.-l)l)x|; 

whence, by the question, 

(9 + (a:-l)l)|=ll + 4ar, 
which, being solved, gives 8 hours for the answer. 
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7. A and B set out from London at the same time, to go 
round the world, a distance in the parallel of London ol 
23661 miles, one going east, the other west. A goes 1 
mile the first day, 2 the second, and so on. B goes 20 
miles a day. In how many days will they meet, and how 
many miles will be travelled by each ? 

Ans. 198 days ; A goes 19701, and B 3960 miles. 

8. A'sets out from a certain place, and travels 1 mile the 
first day, 2 the second, 3 the third, and so on. In five days 
afterwards, B sets out, and travels 12 miles a day. How 
long will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 
The question leads to a quadratic equation, in which the 
roots, or values of the unknown quantity, are both positive. 
If the distances A travels each day are set off in succession 
on one side of a line, and, beginning at the same point, 
those which B travels are set off on the other side, it will be 
seen, from the figure, that A is in advance of B until the end 
of the 8th day, when B overtakes and passes him. After 
the 12th day, A gains upon B, and overtakes and passes 
him on the 15th, after which he is continually in advance 
of him. 

9. A traveller set out from a certain place, and went 1 
mile the first day, 3 the second, 5 the third, and so on. 
After he had been gone three days, a second traveller sets 
out, and goes 12' miles the first day, 13 the second, and so 
on. In how many days will the second overtake the first ? 

Ans. In 2 or 9 days. 

10. The sum of the first and second of four numbers in 
geometrical progression is 15, and the sum of the third and 
fourth is 60. Required the numbers. 

Let x^ X y^ X }^y X jfi be the numbers, x being the firsts 
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«nd y the common ratio. We shall hare, by the question 

X -{- xy=l6 

ar ^ + a: y*, or (a; + a; y) 3/* ae 60. 

Ans. 5, 10, 20, and 40. 
11. Find three numbers in geometrical progression, whose 
sum shall be 52, and the sum of the extremes shall be to 
the mean as 10 to 3. Ans. 4, 12, and 36. 

rV. Indeterminate FrohUms, 

1. In afoundery two kinds of cannon are cast ; each can- 
non of the first sort weighs 1500 lbs., and each of the 
second 1900 lbs. ; and yet for the second there are used 100 
lbs. of metal less than for the first. How many cannons 
are there of each kind ? 

Ans. 14 of the first, and 11 of the second, &c. 

2. A person purchased some hares and sheep. Each 
hare cost him 8 and each sheep 27 shillings: He found 
that he had paid for the hares 97 shillings more than for 
the sheep. How many hares did he purchase, and how 
many sheep ? Ans. 29 and 5, or, &c. 

3. With two measuring rods of different lengths, the one 
5 feet and the other 7, it is required to make, by placing 
them the one after the other, a length of 23 feet. 

Ans. The problem is impossible. 

4. A boy plays with nuts, and wishes to make small 
heaps of them. If he puts 13 in each heap, he has 9 over ; 
but if he puts 17 m each, he has 14 over. How many nuts 
are there ? Ans. 269, or, &c. 

5. A country woman brings a number of eggs to market, 
more than 100, but less than 200. She is undetermined 
whether to sell them in fifteens or by the dozen ; for in the 
first case she would have 4 and in the second 10 over 
How many eggs had she ? Ans. 154. 
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Is this problem really indeterminate ? 

6. I owe my friend a shilling, and have nothing about me 
but guineas, and he has nothing but louis d'ors, valued at 
17*. each. How must I acquit myself of the debt ? 

Ans. I must pay him 13 guineas, and he must give me 
16 louis d'ors. 

7. Is it possible to pay £50 by means of guineas and 
three shilling pieces only ? Ans. Impossible. 

8. What is the least entire value of x in the equation 11 
a: + 36y = 497? Ans. 42. 

9. Two bodies move upon the circumference of a circle, 
with velocities equal to »' and c, respectively. They are 
now at a distance d apart ; when will they again be together ? 

Let c be the length of the circumference, n any entire 
number, and z the time required. We shall have, for the 
general formula, 

w c + i 
a; = — 7— ! — • 

V V 

What formulas will express the times when the bodies 
are together for the first, second, third, &c., times ? 

10. If the sun moves every day 1 degree, and the moon 
13, and the sun is now 60 degrees in advance of the moon, 
when will they be in conjunction for the first time, second 
time, and so on ? 

This problem, it is evident, is only a particular case of 
the preceding. Ans. In 5 days, 35 days, &c. 
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